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CHAPTER  I- 


SISTELS  0?  PARTIAL  DIFFEHET7ETIAL  £  ''RE3310NS  IN  FUNCTIONS  OF  TWO 


VARIABLES 


1«  Introduction  and  gunwaiy*  Interest  in  systems  of  first 
order,  linear  partial  differential  equations  for  functions  of  two 
variables  has  been  concentrated  in  the  past  on  Systems  of  totally 
elliptic  or  of  totally  hyperbolic  character.  The  greatest  amount 
of  attention  has  gone,  of  course,  to  the  Caucfsy-RIe.-isnn  equations 
in  the  plane  or  on  &  manifold.  Beyond  those,  Hilbert  *  ]ia t  discussed 
a  problem  for  systeras  of  equations  of  the  form 
Ujj  ~  Vy  *  au  +  bv 


Uy+  vx  •»  ou  4  dr 


“  >  etc*  )*  *,b,c,d  being  sufficiently  smooth  functions  of 

x,y,  in  which  boundary  values  of  u  are  prescribed*  Ms  method  required 
solution  of  certain  Diricblet  and  Neumann  problems  for  the  .Laplacs 
aquation*  Little  other  work  is  known  to  me  on  boundary  problems 
for  elliptic  systems  of  equations  in  £wo  independent  variables*  **- 


*  SeeflJ  and  also  W.  A.  Hundtz  flj  in  which  Hilbert’s  approach 
is  developed  in  greater  detail. 

**  Petrovsldi  £lj  (pp.  23— 23  3  refer*  to  work  of  3.  la*  Shapiro  and 
of  NT.  .To  Simonov  in  which  Fredholm  equations  are  derived  for  boundary 
problems  for  elliptic  systems  of  equations  with  constant  coefficients? 

It  was  not  possible,  however,  to  solve  these  Fredholm  equations  for 
bounded  domains. 


■>«’  « 


!Sg@»W*,3* 


-a- 

Ifcperbollc  systems  recently  have  bem  extensively  discussed 
particularly  with  refaranoa  to  the  Cauchy  problems  *  *  Systems 
or  equations  of  mixed  type  appear  to  have  drown  almost  no  attention 
except  in  a  paper  of  T»  Carlwnan  on  the  uniqucn  ess  of  the 
Cauchy  problem* 

In  tie  present  piper,  aspects  of  general  elliptic  systems  of 
hnMf  equations  are  discussed,  and  a  beginning  is  also  attempted 
of  the  development  of  a  general  theory  of  systems  of  mixed  type* 

The  attack  stems  from  a  sell  known  theorem  about  matrices  by  use 
of  which  my  system  of  first  order,  linear,  partial  differential 
equations  in  two  variables  can  be  decomposed,  after  linear  trans¬ 
formations  of  the  dependent  variables  and  linear  recombinations 
of  the  equations,  into  subsystems  of  a  small  number  of  sharply 
distinguished  "canonical"  types  **  o 

*  See  L.  0a  Friedrichs  [1]  9  Couraot  and  Lex  [1j  ,  and  the  bibliography 
presented  in  Friedrichs'  article,, 

«*  W„  A.  Hunrit*  and  T.  Carleman  also  have  used  such  deoo^ositions 
in  the  p^>ers  citedo 


>*«•,**■** 


•> 


The  methods  of  the  present  paper  are  based  on  this  canonical 
dacoopooition*,  They  are  greatly  aided  by  the  fact  that  any  solution 
of  a  canonical  system  of  equations  can  be  expressed  as  a  byper- 
couplex  nunfcer,  an  element  of  a  coenutative,  associative  algebra*  * 
Chapter  I  is  devoted  primarily  to  these  aatters  «•  . 

The  second  chapter  is  concerned  chiefly  vl  th  canonical  elliptic 
systems  of  equations  ehicb  msy  be  assumed,  after  a  change  of  independent 


variables,  to  bo  of  the  form 

r^-vP  + 

_xHi  -p+1 

«r»  Cr  •»  (XT 

x  y  x  y 

x  y 

+  4^ 

y  x  x  y 

x  y 

rf-v*  mf* 

*  y 

V4^h 

♦ 

a 

% 

-  S 


f* 

► 


Cp-l, 

( 


*  avU) 


*  Kypercasplax  nunbers  have  previously  bean  used  in  the  theory  of 
partial  differential  equations  for  various  purposes.  Far  their  ap- 
pli cation  to  important  kinds  of  systems  of  equations  with  several 
indepanflspt  variables,  see  the  bibliography  in  H.  0.  BafeU*s  paper  ^lj  „ 
Their  use  in  general!  sing  the  oonoepte  of  derivative  and  analytieity 
is  dLseussed,  and  an  extensive  bibliography  on  this  subject  is  presented; 
by  J.  A=  Ward  |1j  „  J.  B.  Dias  £tJ  has  employed  hyperooaplax  ambers 
to  study  partial  differential  equations  in  one  function  of  teo 
variables  when  the  obaraoterlstlo  determinant  is  a  poser  of  a  positive 
definite  quadratic  form, 

**  The. first  chapter  includes  also  a  discussion  of  the  changes  in 
classification  affected  by  various  methods  df  reduction  of  en  equation 

of  higher  order  In  one  unVnnmn  function  to  a  ystem  of  aquations  of 
first  order  in  severe!  dependant  variables 


*  #* 


«here  a^c^f  ag  are  sufficiently  regualr  functions  of  x^»  Integral 


represantationa,,  analogous  to  Cauchy'*  formula,  are  derived  for  Mia- 
tlons  of  such  syataaa  of  equations j  the  solutions  of  the  homogeneous 
equations  are  represented  in  terns  of  arbitrary  analytic  function  « 
The  ebapteoris  concluded  with  an  extension  of  a  well-known  theorem  of 
T„  Carlaman  on  the  uniqueness  of  solutions  of  Cauchy  problem  for 
System  of  mixed  hyperbolic  and  elliptic  typs0 

Chapter  III  begins  tilth  a  discussion  of  boundary  problem  for 
elliptic  systems  of  aqiations.  A  prionlple  Is  stated 

for  solutions  of  elliptic  systems  of  the  fora 


▼x  ♦  asy  ♦  b»y  *  0, 

a  and  b  being  continuous  functions  of  xjn  frm  this  follows  a 
ness  thaoran  for  certain  bwmdsry  problem  for  canonical  aiiiptlff  ajv~ 
t«ne  of  equations.  The  existence  of  solutions  of  n-r<  »-->*>  boundary 
problem  for  eanonlcsl  elliptic  system  of  equations  then  la 
with  tha  aid  of  tha  ideas  deraloped  by  B.  B.  Levi  [l,  2J  and 
0.  Ciraud  ^3]  in  their  studies  of  elllptie  equations  af  second  order 
In  one  unhncvm  function.  The  paper  ends  with  a  theorem  on  the  eodefc* 
ence  of  a  solution  of  a  sized  boundary-  and  initial-value  proUm  for 
system  of  sized  hyperbolic  and  enspai-  type. 


*ln  analogy  with  the  well-known 
function  as  xu  -f  ra  u  and  r  bt  lng 


representation  of  a  Uhansonle 
arwttrsry  hazwonlo  funotlom. 


-'ne&jes&r&m 
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2c  Classification  of  differential  farms.,  Let 

-  |« 

'm.«K  *  *£,.  H. 

bo  a  linear  differential  form.  Xta  principal  part,  defined  ae  the 
suia  of  the  terms  of  highest  order  is  P(h’ky*'Z\TF*Sp 
P(\m)  is  called  the  characteristic  polynco&al  of  the  fom» 

Such  a  form  is  classified  according  to  the  factors  of  Its  characteristic 
polynomial  which  are  irreducible  in  the  real  field*  If  these  factors 
are  all  quadratic  in  the  differential.  font  is  called  ellip¬ 

tic}  if  th  i  factors  are  all  linear  and  no  two  proportional,  the  font 
is  hyperbolic*  if  they  are  linear  aid  all  nultlple,  it  is  parebbllo* 
othend.ee,  the  fbro  is  of  mixed  type,  in  equation  L  U* 
said  to  be  of  the  type  of  the  form  Lo>  * 

A  somewhat  analogous  classification  of  systams  of  linear  first- 
order  eapro3siora 

Lj,  *  5-Jl  ^  +  Caj)U  ( 1  *  *»“'>  W) 

is  based  upon  the  characteristic  Matrix 

MCvWv**  W*) 

which,  in  the  region  of  the  sqr-plane  considered,  will  always  be  esauwed 
not  to  have  identically  vanishing  determinant.  Thus,  it  may  be  further 
assumed,  at  least  after  a  rotation  in  the  *y*plm»g  that  e  *  (*1  ** 

non-singular** 


*  For  if  det  U  (<*,  $  1 0  ,  with  ■(**/•*  *  /  ,  we  nay  set 

/J  -«U  j  •  Tbs  mv  ohereeterlstio  eatrlx  is 

(<  X'  +{. /)  -t»  *♦  «&)  •  *f(« *y  ♦  /»  ti)  t  ® 


Kojv?ar*bolAc  Systems  -6- 

» 

The  ays  turn  L^u  la  than  called  elliptic.  IT  the  elementary  divisam  of 
a"1  ii  (b^  «■  «re  all  camplra-valued, 

hyporbolic  if  th«gr  are  all  reaVralned  and  aLnpls,  parabolic.  if  all 
the  elowmtary  divieorg  are  reataraXoied  and  multiple,  of  nrtred  tree 
otherwise.  The  determinant  of  the  characteristic  aaftrlz  la  palled 
the  characteristic  ciataaradnant  and  is  in  some  eagre  analogous  to  the 
characteristic  polynomial  of  a  linear  differential  fora  in  one  ta>» 
known  function.  Thus,  a  system  of  forae  la  alliptlo,  if,  aid  only 
if 9  the  irreducible  factors  of  the  oharaoteristio  determinant  are 
caadratico  For  a  system  to  be  hyperbolic,  it  la  sufficient,  but  not 
necessary,  that  the  factors  be  all  linear  and  no  tao  proportional; 
and  for  it  to  be  parabolio,  it  is  necessary,  but  not  sufficient,  that 
the  factors  of  the  characteristic  determinant  be  n«—  mxi  wi»-<pV- 
A  System  of  equations  LjU  *  f ^  is  said  to  be  of  the  type  of  the  sys¬ 
tem  of  forma  L^Uo 

It  ia  sell  -known  **  that  the  glassification  of  a  linear  fora  is 
unchanged  by  noa-elngular  coordinate  transformations.  The  classify 
c'.ticn  of  a  system  of  first-order  forae  ia  invariant  to  these  and 
also  to  linear  transformations  of  the  dependent  variables,  *nd  to 
linear  recombinations  of  die  forae  ooqpamlmc  the  astern,  assort ag 
the  transformations  in  each  case  to  be  nrm  slntnlsr. 

The  nignifioanee  of  this  schsns  of  olassifioation  is  most  clearly 
revealed,  perhaps,  in  suoh  g  system  of  linear  e^  rasetum  as 

(2»1)  Jf  n  ♦l»y* 

"#*  See  Coarant-Hllbert,  Vai.2,  p#  139*  p*  U»2* 


.mrarir.'Uj 


Nun»?ar*bolic  Systems 
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mhere  u  la  an  nxl  oatrixi  u  ■ (  ’  [of  the  dependent  variables,  and 

w 

h  is  an  nxn  matrix  having  the  Jordan  fora.  Thus,  b  is  the  direct  auat 

/*! 


\  , 


of  autem tries  of  the  type 


where  the  ^(x^r),  which  will  be  assumed  to  be  contimoua  in  a  do¬ 
main  R  of  the  ay-plane,  may  be  either  real/- valued  or  oosqplo-valued 
(non-real)  in  R,  Let  r4  be  the  order  of  the  matrix  bi8  and  let 


r1  +  090  +  rk+  1 


M 


The  given  ayatem  of  capreaelons  can  be  than  written  aa 

(2.2)  lV  -  t£  e 


(k  ■  1,  •). 


F 


I 

t 

t 


I 


Notv»?arabolic  Systems  -8- 

We  m*y,  lr.  general,  assume  the  elements  of  U*  to  be  resJ^valued, 
if  2^  is  real-valuad,  c oaples^value d4  If  Sj,  is  eomples°valned»  In 
the  litter  case-,  with  Sjj  «  r9  +  isB  (a*  0)s  v.  k  >*  v*  +  iJ1, 

and  **  rc  the  system  of  forms  (2#  2)  haa  the  components 

X*®  uk  43  C\7SH)  +  tM?*(7,ff)  O  v”  V  '>  (k«  ®  is")  (Vy  *  lap  -f  (»  *  I'-5^3 

'(T  iP  a  Ti**(V.ir)  *  iV* (V*H)  *  vr  +  iwr  <•  (a»  +  is")  (▼**  +  iwr)9 

x  *  ,  y  7 

whare  7  vr|  ,  TTm^y^,  ...,  w 

Separating  real  and  imaginary  parts,  wa  have],  equiveler.tly,,  the 
oystan 

la(7a5T)  »  y“  +  «'▼“  -  ts*t£  +  vf-  (■  *  1,  •»»,  r  -  1) 


( 


(2,3)  lAv,W)  *  ^  +  »*Wy  +  a"vy  +  (  *  ) 

Lr (7,W)  «  *  n’-a^  -  b*^ 

^**(7,^)  ««  -fr  z's£  +  s*^ 

uhich  me  shall  call  the  canonical  elliptic  fun.  So  this  form  can 
be  reduced  any  system  of  expressions  Lu  *(tuz  +  $>Uy  (  a  non- singular)  such 
that  the  Sr-roeed  matrix  oT^  has  r-fold  nocMreal-valaed  characteristic 
roots.  For  letting  p  be  the  matrix  such  that  b  »  p"^  (a”'  b)  p  is  of  tbs 

t 

Jordan  normal  form,  an  d  Introducing  n m  dependent  variables  by  r  «  p”^yp 
vb  see  that  Ur  *  p^a  L(pr)  -  p  -  p^a^bjyr  m  rx  ♦  bry,  ahioh  ia 
of  the  form  (2.1). 

One  of  the  s  systems  of  forms  of  (2.1),  Say  the  3-th,  for  rtdsh 
zj(x,y)  is  real-valued  has  the  components 


Norv=Parabolic  Systaae 
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(ill)  L^°  (IT3)  ai^  4  Zjty  4  ty+  (m  ■  r-j  4  ho,  4  r j  4  1,  rj4»„4rj4  2,,,,0, 

-1) 


aa^sn4 
2  J  7 


(t  » r  4  .o*  4  r  ), 
1  j+1 


Such  a  system  will  be  called  the  canonical  parabolic  fora,  ^rJ«l  >  1b 
the  canonical  hyperbolic  fore,  If  r^  »  1*  Aoy  system  of  expressions 


la  .25  Am^  4  Bi^  (A  non*alngular)  such  that  the  jv-rowed  (r  >  1 )  matrix 
A~*B  has  ons  refold  rial-valued  cliarecterletlc  root  can  be  reduced  to 
the  canonical  parabolic  fora  by  the  means  that  were  used  for  systens 


a?  elliptic  type,, 

In  Bird  lor  fashion,  any  syaton  of  expressions  Xu  *  Au  +  flu  of 

A  j 

mixed  type  can  bo  reduced  to  an  equivalent  system  of  the  typo  of  J(  n 
in  (2.1),  which  will  be  called  the  canonical  form  of  the  system.  A 
system  of  equations  Ui  «*  f  (x,y,u)  id  11  be  said  to  be  in  canonical  fora, 
if  the  system  of  expressions  Lu  is  in  canonical  f  ora, 

3o  Seduction  of  equations  of  higher  order  to  systems  of  aquations 
of  first  order.  As  will  become  evident,  the  theory  of  systems  of  first- 
order  equations  in  n  unknown  functions  is  closely  related  to  the  theory 
of  n»th  ardor  equations  in  one  function.  An  exact  equivalence  between 
the  two,  such  as  exists  in  the  theory  of  ordinary  differential  equations, 
is  lacking,  however,  as  can  be  seen  from  the  f olloaing  axamplot  to 
solve  the  hyperbolic  equation  au^  4  2bo^  4  cu^y  m  f  (a8b,c,f  constants 
satisfying  oo-b2  <,0)  prescribing  u(0,y)  *  A(y),  u^Co^r)  m  B(y), 
where  A  and  B  are  required,  say,  to  have  continuous  second  derivatives. 


Nco-Parabolic  Systoos 


llxl®  cpecific  problea  ia,  indeed,  equivalent  to  a  problem  for  g  syuten 
ef  first-crdsr  8quat5.on3,  to  that,  namely,  of  solving 

Ux  ra  Vy  Vy.  «•  WX  *  0,  A7x  +  Zb?y  +  ofly  «  0 
prescribiig  U(Oey)  m  l.(y)p  V(0,y)  *  B(y),  W(0,y)  -  • 

Unique  solution®  u(s,y)  of  the  first,  and  U(x,y),  U(3t,y),  W(x,y)  of  tha 
second  problem  codat,  and  u(*,y)  ■>  U(x,y)»  Tha  given  tecontli-arcjar 
equation  ty  itself  ±&s  howavar,  not  equivalent  to  tha  system,  for  if 
U(0#y)  be  prescribed,  a«y0  ss  *  C(y),  then  U  fails  not  cnly  to 
coincide  si  th  u  bub  even  to  satisfy  the  sau3»  differential  ecruatLarw, 
Ccsputation  ah era.  in  fact,  that  *U_  +  ZbD.  cU  <■  f  ->  cC»(y)0 

XX  At  jry 

In  the  foragoing  axacple,  there  io  a  unique  partial  dif feroat- 
tial  equation,  nauoly,  *0^^  -9-  abU.^  +  cU^  m  o,  which  U  aunt  eat- 
isiVo  It  c®,  however,  be  shown  *  that  this  situation  is  exceptional* 
in  general,  each  unltEoen  function  in  a  ayatta  of  first-order  equations 

satisfies  Sinai, tanaoualy  more  than  one  equation  of  higher  order.. 

Thus,  tha  theory  of  equations  in  one  function  does  not  Include  the 
theory  of  systems  of  equations  in  several  functions. 


*  See  Courart-Hilbert,  Vol.  2,  p.  12,  pp,  U6-U7* 


Non-Parabolic  Systems 


A  specific  equation  in  one  dependent  sellable,  say 

*  ^fa**"***?  ■** 

the  coefficients  ^  f  being  assumed  to  be  contlnaous  functions 
of  x,  y,  een  always  be  redos  ed  to  a  aysten  of  first  order  equations 
In  the  sense  that  any  solution  of  (3«l)  furnishes  s  solution  of  the 
eystan*  In  general,  such  a  reduction  oen  be  aooonpllahed  in  a  Me* 
rlsty  of  says  eith  correspondingly  different  effects  upon  the  claesi-  ’’ 
fi cation  of  the  resulting  system.  We  My,  for  lnetanoe,  introduce 

nos  functions  through  the  equations 

10  10  20  a>»2,0  M-1,0 

%  *T  |  *T  *  ■»•*»  T  I 

rx  “  Ty°  *  °*  Tx  ~  ry°  "  rx  *  m  °»  •••»  Tx"2f1  -  "  °l 

Tx2  -  Ty  *  °»  Tx2  •  Ty  “  °9  •••»  rT*,Z  “  ’•y"2’1  *  °* 


JO.m-1  1,a-2 

V  -  V  *  °» 

i.e0,  tlth  n  *  w00, 

r:  »  0,1,  ,0.t  n-2) 

re  r+1  ,s-1 

mm  9  _  A  .  .  _  4 


0  (r+B«  1,...,  »-1  with  r  running  through  0,,..,  isk2, 

end  s  "  ■  ne-1)* 


tx  -iy  «0  (r+n«  *$•••$  «Lth  r 

and  s 

After  the  imposition  of  proper  Initial  conditiona,  say 
rs._  «  d?  /  ^ I  ^ 


4r(  -^U) 
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ws  would  have  v**6  »  SL 


Hence. 


furnisher*  a  solution  of  the  system  consisting 


any  solution  of  0,1) 
of  the  equations  (3*2) 


together  with 

(3»3) 


1 

Ti»o 


n-r-1  ,r  0,a-1 

Vx  +  w 


+  XT  hp^v^-f. 


?or  this  system,,  the  characteristic  matrix,  its  column  arranged  as 


labelled,  is 
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*y- 


Henee  the  characteristic  determinant  of  the  system  Is  the  product 

of  the  determinant 

|  ”/A'  > 

7*  * 


> 

ty  a  pow  of  ^  „  the  paver  being  equal  to  the  total  number  of  func¬ 
tions  e*s  (0^.  namely  to  a(nrt1  )/2.  Hence,  by  a  veil, 

known  result  of  determinant  theory  *  the  characteristic  determinant 
fo*  the  system  la  equal  to.^B4,J/2  P  (>  ,/*.),  share  P (  ^  ,  ^  )  « 
<L.  ^  ia  the  characteristic  polynomial  for  the  original 

aquation.  We  note  also  that  the  alanmntary  diTiaors  eorreapondixst  to 
the  _  fold  f actor  ^  are  staple,  and  it  follows,  in  particular, 

that  a  hyperbolic  equation  can  in  the  sense  ooneidared  be  redkieed  to 
a  hyperbolic  system.  *» 

$y  other  methods,  elliptic  equations  can  be  — to  eiiiptie 
Systems*  Any  solution,  for  example,  of  the  second-order  equation 

“Abe  +  +  *Vy  +  *St+*y+ftt“«# 

the  coefficients  being  functions  of  x,  y,  furnishes  a  solution  of  the 


«  See,  for  example,  A.  A.  Albert,  pp»  80-81  for  a  staple  proof  ty  iistuetion. 
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system 


v. 


V  w  U 

7 


,10 


u°  4  r 
7  a 


01 
m  uu' 


tt10  0  U01  m  Q 

7  x 

mi^°  «•  bn™  +  eu^1  4  da10  4  era01  4  fu  ■  g-> 

in  t*i  ich  tc  see  this  -wo  need  measly  identify  u°  with  n  ar.d  w  tith  zero* 

To  deal  with  «i  j>th-order  equation  of  fora  (3*1),  let  «a  consider  the 

/ 

system  S  consisting  of  the  sets  of  equations  3° a  0 .  ,  „S®  defined  as 


follows* 

0 

00  00  10 
**  ~Ty  “a 

S  * 

1 

4° . ° . «a .  «?-’? 

~'V°-0 

3  * 

40,40.^1,  4 ,4 

•  a02 

q2 

4.4’-*’°,  4 -4 -4-0. 

u^-v02- 

x  y 

u12 

3  s 

20  20  21  11  11  02 
Ur4Wx»U  8  ’y  +TX 

02  02 
"V  4VX  * 

u® 

s». 

30  30  1*3  12  12  22  21 

* u  »  ux  y  *  x 

-■rf  -x^°-0, 

!Icn-Parabolic  Systaaa 


23  -  1^“23*  23  *  23  7  (j  ■  0,1  *..**(1/2)  i  f«  1 

<i<  m)  \Zi>  23  ♦▼IT23*  23  -  u^.  23+1  >  0,1,.e.,(V2)  (i-D  f< 


ren. 


for  i  odd) 


/  i-*~2k,2JMl  V1-2k,  2W  Vat, 2k  r\ 

S“*  “  7  “’V  ta^1,..„,<1/2)<i*2)  for  i 

i~1~2k,Zfc+4  Vl-2k,2k-*1  i-21e-2,2k-*2.  V  i-dx. 

uOi  „  v0i  _  a  0*\  for  1  Oddi 

*  Jr  j  i 


even 

for  i  odd) 


u®*  4.  V°* 


1  U 

\  y 


u0,14-l] 


8".  u^"1' 3 *  ^  •  u^J*  s  0 
m-1 


(J  **  0,  ®“1 ) e 


r  *ruTr'1’r  *  ^*"-1  *1-  bpq  “n  *  - 
rmO  0{p<t-q*m 


Let  ua  obaerve  at  tht  Out Bet  that  a  solution  u  of  (2.1)  leads 
to  a  ablution  of  this  system  8  through  setting  u°°  »  u,  v13*  q. 
All  that  remains  la  to  shoe  then  that  the  nuober  of  real 
characteristic  values  la  not  greater  for  the  .charaoterlstlo 
determinant  of  the  system  than  for  the  charaoterlstlo  poly¬ 
nomial  of  the  equation  (2,1).  To  this  effeot,  we  note  first 
that  the  oharaoterlatlo  matrix  of  the  system  S  Is  the  dlreot 
sum  of  the  characteristic  matrices  for  tbs  sybsystems  3*,  and, 
hence y  that  the  charaoterlstlo  determinant  for  8  Is  the  product 
of  the  oharaoterlatlo  determinants  vfl-  of  the  S*,  With  oolumns 
arranged  aa  labelled,  M1  * 


0 


0 


0 

0 


o  o 

0  0 

A  ^ 

*  A 

for  odd  i<  m»  It;  follows  by  induction  that 

for  i  <  nu  Sine*,  as  noted  above, 
o*l 

m  T —  n*r  v 

/*  *«>./»). 

r«o 

the  oharaoteristlo  polynomial  of  the  equation  (2.1),  iv  follows 
that  the  characteristic  determinant  of  the  system  S  it, 

o'  +  A  t/a). 


*  o  o  (jfyv-i 

_ _  -A  o 

o  :  o  o 
o  **o  o  /*»  A 
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Aa  with  the  first  method  of  reduotion  of  a  higher-order 
equation  to  a  first-order  system,  the  system*  in  general^ 
possesses  solutions  which  do  not  correspond  to  any  solution 
of  the  original  equation  *  the  system  and  the  equation  are 
not  equivalent,  Jus  fc  as  &  Cauchy  problem  for  a  hyperbolic 
equation  ia  equivalent,  however,  to  a  suitable  Cauchy  problem 
for  the  corresponding  hyperbolic  system,  so  is  a  certain  bound- 
suy  problem  for  an  elliptic  equation  equivalent  to  a  suitable 
boundary  problem  for  the  corresponding  elliptic  system#  Let 
us  consider,  foi  illustration,  the  second-order  equation 

fiuxx  ■*"  buxy  **  cuyy  4“  dux  **“  euy  +’  ^  *  8  and.  its  corresponding 
system  as  given  on  p,  «  For  the  equation#  we  prescribe 

u  s:  u,  for  the  system,  u®®  a  u,  v  »  0  *  on  the  boundary, 
Since^by  virtue  of  the  third  equation  of  the  system,  v  is 
harmonic,  we  have  v  s  0,  and  the  equivalence  follows. 

Similar  considerations  apply  to  higher-order  equations,  but 
these  will  not  b8  developed  here# 

There  is  a  thifcd  method  of  reduction  of  an  equation  to  a 
first-order  system  which  is  probably  more  useful  than  the 
preceding  ones  when  it  can  be  employed#  It  applies  to  homo¬ 
geneous  equations  with  constant  coefficients  in  which  only 
highest-order  derivatives  of  the  unknown  function  appear,  and 
the  characteristic  determinant  of  the  system  it  produces  is 
equal  to  the  characteristic  polynomial  of  the  given  equation. 

We  give  the  method  for  on  equation  of  even  order,  which  may  be 

*  It  will  be  recognized  that  this  boundary  problem  for  the 
system  is  not  a  usual  one.  Ordinarily,  one  function  from  each 
of  the  pairs  u©°s  v  and  u10,u01  would  be  prescribed# 


Hen- Parabolic  System*  -18- 


written  as 

<3"4>  JT  (  *l  ^ +8bl  rrn  ■•-01  4^)  u  s0* 

the  a^,  being  constants*  We  shall  show  there  exist  function 

h1  *  v*  (1  »  ?.**••  ,n)  with  u  «  u1  satisfying  the  system 
(3c5)  Ex(uXc  v1,  u2)  «  »i  *£  *-*3.  -  wj  *  uj  s  0 

P^u1#  v1,  ttj  **  v*  v2  *  0 

E2(u  f  w  0  u3>  2  «2  f  1»2  u^— Vy+»u^--0 

P2(u2,  V2*  Vs)  *  bg  u2  +c2  4-^  +-r*  *  0 

W»fl‘l  <  v-1,  un)  2  a^1  r  V!  <X  -  -r1+  ^  -  0 

Vi**""*  •  ^  *“>  2  Vl^1  -H  °n-l  ^  ^  VS“1+  ^  *  0 
En  (un,  vn  )  5  »n  *£  +-*n  ^  *  0 

Pn  (unP  vn)  »  0. 
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First,  the  characteristic  matrix  is 


u- 


v®  u®  v® 


vn-l  un 


n>  *  v  -A  A  0 

*1*  *  Ol/*'  A  0 

A  ° 

A  °A 

■»  ••  “  »  1  ♦  —  r  «  r  f  ^  * 


*A  A  0 

6n-lA  P  "n-l/l  >  0  / ^ 

"A 

bn^-*,0n/t  >■ 


and  the  characteristic  determinant,  therefore 

»i>  >  biA  -A 


n 

FT 

i*x 


bi>  *  °iA 


s  4*  ciy/U 


Secondly,  if  ( \jfc  ,  •  ••,  v°)  is  a  solution  of  this  system, 

t  n 

then  u  v  individually  must  also  satisfy  the  original 


equation  for  u*  in  particular,  Jtn  ((M  ^  ^so,  and 

»V  +2b  3L_ 

9*v  9x  9 y 


••••  An  v^  a  o,  there  Aj_  *  a^^ 


<h<> 


9" 

1  2?*" 


T0  prove  this,  we  first  note  that  from 


'b 

T*~ 


E, 


n"^ — Jr  Fn  ^  °  and  (bn~^x+-°n 


2  )  E  -  (a-  * 


p  si  0  follows  Anu 
n  “ 


n 


0  and  Anvn*0#  Let  us  now  assume  for 


induction  that  An.i»»«Anu 


ifl 


A,  -•••A  v 
i+>l  n 


7 

O' 

H-l 


for 

•  0  (i< n). 


+b$) 
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I 


From  *  0,  t±  a  0  ee  hjire  A^1  +  a  0 ,  and 

V*  -  (bi  h  4 ci  ^  >  4*  4  (tift  +bi  ^  }  * °» 

and  applying  to  each  of  those  equations  the  operator  .  JlQ  gives  us* 

In  view  of  the  induction  assumption,  a  a  0.  Thus, 

in  particular,  A^.A^u  a  0. 

Finally,  we  ansrfc  show  that  if  Is  aoy  solution  of  the  equation 
(3.U),  there  exist  funotions  n1,  r1  satisfying  the  systne  (2*$)*  For  this, 
m  shall  eeply  a  rather  special  result  an  the  compatibility  of  siiltneous 
partial  differential  equations  as  f orsnlated  in 

WVLi.1.  ut  1,  -  'L.'u  ^  £  B.  -  E  »u  ^  <D^E--  Dr 

i-tjan  9 

where  the  are  ocua tents,  let  f  (x^r),  g  (x^r)  be  of  dees 

in  a  oonrex  dowel  n  H.  Then  there  exists  a  fta notion  u  (x^y)  of  class 
in  R  satisfying  the  alsolatneoua  equations  kja  a  f,  BUn  a  g,  if  and  only 
if  the  relation  of  compatibility 

Ayg-^faO 

is  satisfied. 

ftroofi  The  naoeesity  of  the  compatibility  condition  is  obvious. 

In  proving  the  condition  is  suf^daat,  ee  say  suppose  not  even?  S^  is 
proportional  to  the  oorreqpondLug  b^.  Is  My  than,  forth ar,  napposs 
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a«*bott  **  •tao‘bao*#  “d*  h#O0#*  **■*  »ob  *  °*  V  * 


.0 


It  ls(  the*  sufficient  to  prove  the  Lease  for  aquation*  of  the  fen 

VlDxtt  “  *•  VlV  "  *• 


there  * 


are  any  hoaogeneous  polyatadal*  la  s  elth  ooostant 


W*1* 

coefficient*  and  of  degree  »>1.  We  observe  first  that  the  lease  1*  correct 

XMt-X 

for  a  ■  1.  I£  it  hold*  fQr  *4,  *  feostlav  ▼  of  qlgsa  .  C 


««-  w  if* 

satis  lying  the  eqnatiana^A^D^g  -  era  Bqppodng  ▼  to  adst,  define 


e  In  the  contrary  case,  a  suitable  affine  trenaforaatlon 
X*«+»T»I*«+^  (edaho  ft  0)  recalls  in 

'V*  r*«  of -  X  *uaVl?  *»•-♦  Z 

i-tfat  l+$m  Ufrm 


t«o  new  operators  la  eti6h  the  ooefflelaBts  of  l£  are  not  proportional  to 
the  coefficient*  of  qM  , 

**  for  JF  the  TSSSk  1*  true  in  this  oa **,  it  hold*  la  general.  *— Ing 

^  a^tb^  then  exist  oon*t*nt*  ®<#  t f  (*lf  -  |*  0) 

such  that  0(4^  4  fi B  ■  A>  and  4  J  «  B',  shore  th*  eoefficiant*  of 
l£  in  A*  and  that  of  Er  la  B»  are  s*ro«  Th*  agnation  A^u  *  t,  Bmu  «  g 
are  equivalent  to  A*a  »  f»,  B'a  ■  g't  there  f»  »  Otf  4  /lg,  g*  «/f  ♦  f  g« 
Since  there  exist  oonstaate  a,  b,  c,  d  such  that 

Affl  »  aA<  4  bB*,  Ba  ■  cA»  4  dB  ,  t  =»af *  4  hg*#  g  •  cf *  4  bg»,  the  oondition 
\»g  -  V  *  0  la  readily  eeen  to  ba  equivalent  eLth  tbs  ooadiUaa  A»g»  -  B*f  *  *  a. 
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assoalng  the  origin  to  bo  an  interior  point  of  the  donaln  R.  It  felloes 

that  “  f ^  "  °*  md  WlV  "  £)  ■  0#  « l^|iyr  •  t  m  p(x)t 

B^IMB  -  g  •  q(y).  Let  P(n),  Q (y)  be  W  aolntlooe  of  the  ordinary  dif- 
ferentiel  equations  i^DjPGc)  ■  M,  B^I^QCy)  ■  q(y),  reap..  It  HaL- 
loss  that  the  fonetian  n  ■  tJ(x#y)  -  P(x)  -  Q(y)  ie  e  solution  of  the  tee 
equations  m  ft  B^iyi  >(,  u  desired. 

It  Is  convenient,  before  applying  the  lone,  to  introduce  the  ij» 
bole  »  e^Oz  +  bjl^,  «  b^  4  o^E^,  the  equations  of  the  qpten,  in 
this  notation,  being 

ljU1,  r1,  nl4t)  S  LjU1  -  I^V1  ♦  Dyef*  -  0  (1*  1,  n-1) 

V^V4*)  4  Dj}  4  •  0  (  •  ) 

\(A^)  S\an  -  ly*®  -  0 

*n(  JV*)  *  *  V*  *  °° 

OLven  »  as  a  eolation  of  (J.U),  ee  shell  shoes  bar  t1  and,  socoessleeay, 
u2,t2,...,  un,v*  say  be  detendned.  Hth  the  notstdon 
Oy(«»v)  8  -  Dy»  Spjn  ♦  q,r 

Hj  (u,t)  *Ujtt  4  Dxt  S r^u  4  s^t 
Q2(u,t)  -L^  -  DyJBf  *P2«  4  qgT 
■»  Mjpf  4  DgBj  S  Tja  4|S2t 


V  "^.Vi  -  Vui  "V  *  V 

*!<«#▼)  ff  r4n  4  p,r 
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0B(tt,r)  S^On-1  -  Sf^»  ♦  V 

*  HA*  ♦  DA.i  *  rnu  4  V* 

we  introduce  V*  aa  ugr  Auction  satisfying  the  equations 

^  fa1.  ▼*)  *0,  ynV)  *0* 

It  oast  be  shorn,  of  course,  that  these  equations  ere  ooapa&lble,  thst  is, 
that  (pne&  -  »  0.  To  do  so,  we  note  first  that 

Pj Sj  -  4|«|  *  +  iyt|  » lj .  Ter  indnotion,  se  asanas 

Pitt  +  qf  rn  L^p^u  ♦  q^r)  -  y»wt  ♦  V>» 

v  *  v  \  <*uim 4  vtT)  4  y*jui* 4 

shaooe 

pt  "  Vl^l  *  V«»  \  *  Wl  *  Vi^i'  *i  *  V*.i  4  V:U1 ‘‘Vt-I ' 

and 

pi#i  “  Vi  *  4  W  ~  *  SV0*4!  * 

It 

induction  hpothasia.  It  foliar*,  than  that  (pnsa  -  ^q^u  m  Ay  «<ai^u  »  0, 
which  astabUahes  the  cocpatlMllhr  of  the  two  equations  tor  sbloh  tea 
detoaadne  t1  . 


Boo-Parabolic  3y*teoe 


~2lv 


Daflalag 

o2^)  *-  J1  «|  (x,^ ),  ▼1(v1))  <Sr1$ 

^(x#)  »-  J  ^(u1  ^ (ac^ar, ))  4r1# 

^ (*»y)  -  (-D1^  ...  J^2  o^Ow^),  ▼*  (***,))  <4rj  <*r2  ...  *r1# 

n^fcw)  -  (-D1/  J**  —f*  %('*1(wi>*  ^<Vi»  *i  *z  —  *i» 

(i  *  2f  «••!  n  -  1), 

lie  sm  at  once  that  Ej  (u\  t^,  02)  *  0,  7|(u\  t\  V2)  *  0a 

njr4^,  i\  u1^)  -  (-D^1^  -  y^j)  +  (-i)^  *  o, 

aad^aladlarly*  ^(O1,  f1,  T1”*1 )  »  0,  (1<  i<  n)k 

and  tif1  EJlP'V*)  m  -  (1^,  -  y^>  Fn(Una»n)  •  0. 

Thae, 


1-2 


ui 


ft 


ii(ui,viy41) »  ^  ^ikW.vW1)-^ 


Finally,  lat  F^OO,  O^x)  be  auoh  aa  to  aatiafy  the  tyttm  of  ordinary 
dlff oreotlal  equation#  obtained  from 

i-2  i-2  1-2 

Bj_(  ^  ^  y^>4ir(*)»  ®  )  *  ^  FjjjC*) 


taO 

i-2 


taO 

i-2 


M) 

i-2 


V  ^jT  *^ikw»  ^jT  ° )  •  J"  **  t^ix) 

k-0  taO  fe 
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(  ~hr*  "  %Tj  ),  3eprc3«ntin£  the  left-hand  side  of  thie 

matrix  equality  by  t}  sad  the  right-hand  aid*  by  i/Vi  t>  b«ing  the  square  2rx2r 
operator-autrix  and  I  the  2rxl  matrix  of  it'be  dependent  variables,  we  write, 
for  short,  t  *  OT.  It  la  acnr  a  rewritable  fact  that  2r  linear  transform- 
tions  exist  Of  2rxl  aatri  oea  into  2nd  satricea  such  that 
AjX  *  D< tjT)  (J  *  1,,,*,,2r)  and  that,  moreover,  the  square  matrix 
(A,  I,  A.^T,  ,,,j  A^T)  ia  in  general  non- singular,,  Indeed,  taking 


(4,1,  A^T,  *  r  •  g  A^f)  ■■ 


/» p 

V 

r*-1 

-ar^1 

a 

v1 

ur 

vr 

V-1 

T^1 

» 

a 

w1 

A 

1  .A 
[  v 

0 

vr 

V 

« 

• 

T2 

i'O 

a 

/ 

vr 

a 

V 

w2 

T2 

h 

>  n  « 

0. 

►  m  « 

0 

a  *  j*  • 

3 

a  < 

«  *  *i 

vj 

0 

0 

Or; 

0 

» 

w? 

*7 

**  6r, 

P  P 


both  atatanmta  are  1  mediately  verified. 

tf#  shall  obtain  a  more  convenient  expression  of  the  anatrix 

tity 

(l<>2)  (A,X,  <,«»,  A^S)  -  D(A,I,  A^T). 

In  terms  of  the  standard  baala  (e^,)  (1,  j  *  1,...#2r)  of  the  zing  of 
square  matrices  of  ordsr  2r,  let  us  define 

*JL  "  *1,^1  +  ®2,2H  *2  “  *1,2r-3  +*Z,2r-2  *  *3,2^1  ^,2r  ”*>  tar  T> 

(2r)  3? 

«  y  *q,2r-?jHq*  *p  ia  *  2rx2r  **t*ix  having  unity  la  the  (2n-2p)th 


1*1 


Non-Para  bo  Lie  Qywtoae  -27- 


diagoual  above  the  principal  diagonal  and  aero  elsewhere}  la  the  identity 
aatrix.  Let  us  also  introduce 


We  observe 


(U.3)  i2  «  VWV  “  ***♦*>** 

0  ,  ix  p  ♦  q*  r,  * 

ao  that  the  algebra  A  over  tbs  reals  generated  by  i,  le  anweitn 

tlve  (end,  of  course,  aseoeUtlr  a,  sines  this  algebra  has  a  aatrlz  repre¬ 
sentation:  )  e  is  the  Identity  la  A* 
r 

The  si  went  a  of  A  of  the  fan  (m  ♦  ib)«r  (*#b  reel)  constitute  a 
sub-algebra  0  which  is  obviously  ieoworphio  to  the  field  of  couples  nuabarsj 

ttMa“-utr  <s*<Vv— 

isbes,  eodpeise  the  radical  X  of  A,  A  le,  eorwcmr,  tbs  direct  sue  of  C 
with  E,  since  aqjr  ala  want  x  of  A  can  be  written  uniquely  as 

t*i«T  ♦  ♦  ViV.il  ♦  W  <*&*  *•*!)# 

bracketed  eua  Mini  an  ale  want  of  X  and  ths  last  tana  ana  of  0.  finally, 

*  relations  Ubioh  uniquely  characterise  the  qaeafeititae  i,Sp. 
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*n  element  x  ai'  A  is  regular,  i.e,,  has  *a  inverse,  if  and  only  If  * 
is  not  an  element  of  the  radical  K.  For  no  el  ament  of  £,  being  a  di¬ 
visor  of  zero,  can  have  an  .inverse,,  while,  conversely,  sa^.Sleiaeafc 
y~e  (y  0  in  0,  e  in  £)  satisfies  the  identity 


(y  -  •)  (y”1  +  y~2  #  ♦  ,  *  *  +  y“ 


r-1 

6  m  e_ 


-  By  placing  the  matrix  interpretation  upon  tie  element*  of  A,  it  is 
seen  that  equation  (u»2)  can  be  written  ad 

«••«*>  |f  &  *  »p  *  K  *  “  Vr  +  “%  *  V-l"3l  h*  +  J^), 


a  result,  incidentally,  whose  equivalence  -with  the  original  set  of 
equations  (2.3)  is  readily  checked  directly  using  the  rules  (l[u3).  Ibis 
formula  will  be  fundamental  in  later  sect! one  on  elliptic  systems. 

Let  Z(T)  m  OT  be  a  canonical  elliptic  system  of  forms.  We  have 
shown  that  the  o no-columned  matrix 


P  * 


/■ 


I  - 


3 


oan  be  augmented  by  the  adjunction  of  am  colrmns,  each  as*  colaam 
being  a  linear  transfora  of  T,  sack  that  the  sngseated  matrix  T*  Is 
non-singular,  as suaing  /  and  wr  do  not  both  vanish,  and  that  tbs  new 
ayaten  of  ferae  S*(T)  *  DT*  is  equivalent  *  to  tbs  given  system  of 


*  The  two  sets  of  forms  are  "equivalent*  in  the  sense  that  each  form 
of  one  set  appears  also  In  the  other,  and  conversely. 
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forme.  Moreover,  idth  K(U)  a  EC,  K»(U)  a  Dlf*,  the  matrix  B*  comaitee 
with  the  matrix  T*. 

Any  canonical  parabolic  573 tern  of  forms,  say 
(li.U>)  Lm  (U)'  a  +  zu“  +  (a  *  t— 1) 

L1  (0)  »  4  +  ZuJ  , 


has  corresponding  properties.  Indeed,  we  verify  at  once  the  validity  of 


ehich  in  tema  of  the  matrix  quantities 
eq,iMa-*q* 

t 

1\-  ♦  •Vh + Vm]  TJ.  °V 

cffl  is  a  trt  matrix  having  unity  in  the  (t-a)-th  diagonal  above  the  prin¬ 
cipal  diagonal;  c^  is  the  identity  matrix.  The  &m  satisfy 

(Iu8)  cnck  *  0^  m  CaHje-t,  if  a  +  k  >  t, 

0,  if  m  +  k  ^  t. 


c  =c(r) 
m  m 


I 

q=1 


can  be  eritten 


Ou7) 


_ 5 

I 
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* 

( 


and  thus  generate  a  comnutative  (and  associative)  algebra  S#  The  ele¬ 
ments  of  B  of  the  form  ac^  (a  real)  consitutue  a  subalgebra  £  whichia 


obviously  isomorphic  to  the  field  of  real  numbers;  the  elements  2^  a^c^ 


£ 


(a^  real),  of  rtiich  the  t-th  power  necessarily  vanishes,  comprise  the 
radical  F  of  d,  B  is,  moreover,  the  direct  sum  of  H  with  F.  Finally, 
an  element  of  B  is  regular,  if  and  only  if  it  is  not  an  element  of  the 
radical  F;  and  the  inverse  of  y  +  f  (y  ^  0  in  H,  f  in  F)  is 

n 


The  set  of  dependent  variables  in  a  canonical  elliptic  or  para¬ 
bolic  system  of  forms  will  be  called  degenerate,  if  the  variables  (or 
variable)  of  highest  Index  vanish*  We  can  partially  summarise  the  fore¬ 
going  results  in 

THEOREM  4.1 Let  K(T)  =»  DT  be  a  canonical  elliptic  or  parabolic 
system  of  expressions,  D  being  a  square  matrix  of  differential  operators 
as  in  (4.1)  or  (4.6),  aid  T  a  cue-columned  matrix  of  the  dependent  va¬ 
riables,  assumed  non-degenerate*  ThmT  can  be  augmented  by  the  adjuno- 
tion  of  new  columns,  each  new  column  being  a  linear  transform  of  T,  such 
that  the  augmented  matrix  T#  is  non-singular,  and  the  new  system  of 
forms  K*(T)  »  DT*  is  equivalent  to  the  given  system  of  forms.  Mora- 
over,  with  K(U)  s  DU,  K*(U)  *  DU*,  the  matrix  0*  commutes  with  the  Matrix 
T*.  If  U#  is  a  constant  matrix,  U*  Canutes  also  with  D* 

*  The  two  sets  of  forms  are  "equivalent"  in  the  sense  that  each  form 
of  one  set  appears  also  in  the  other  and  oonversaly* 
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Any  canonical  system  of  linear  expressions  is  an  aggregation  of 
canonical  elliptic  and  of  canonical  parabolic  (and  hyperbolic)  expres¬ 
sions,  3 ay  Kj(T^)  SDjTj,  where  D ^  is  a  square  matrix  of  differential 
operators,  T^  an  r^xl  matrix  of  dependent  variables,  (  )T  r^  *  n), 
and  may  be  regarded  as  their  direct  aumt 

/W 

(U.9)  K(T)  *  /  L(TJ 

( 


D  is  an  nxn  matrix,  n  being  the  number  of  equations  and  of  dependent 
variables,  and  T  an  sxn  matrix.  Applying  Theorem  (U.1 )  individually 
to  T1#  T  Ts,  we  have  the  result  stated  in 

THEOREM  U.2.  Consider  a  canonical  system  of  linear  expressions 
K(T)  s  DT  as  presented  in  (li.9),  assunring  no  to  be  degenerate.  Than 
the  system  E(T)  is  equivalent  to  a  new  system  of  expressions  K*(T)attF» 
such  that  T*  ia  non-singular,  and  each  colon  of  T*  is  a  linear  trans¬ 
form  of  a  column  of  T.  Moreover,  with  K(U)  « 1X7,  E»(U)  ■  DO*,  the  ma¬ 
trix  0*  commutes  with  the  matrix  T».  If  U*  is  a  constant  matrix,  U* 
commutes  also  with  0. 


* 


.v 
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This  theorem  1 a  perhaps  best  illustrated  with  the  system 
L(u,v)  *  -  Vy,  M(o*,t)  ■  +  yxj  which  can  be  written 

L(u,v)  +  iM(u,v)  w  (Dx  +  ij^,)  (u  +  iv)  *  • 

Certain  formal  consequences  are  Immediate.  Letting  L(u)  *  Da 
represent  a  canonical  system  of  forms  with  D  a  differentiation  matrix 
and  u  a  non-singular  matrix  of  the  dependent  variables,  we  have 
(lj.10)  L(uv)  *  uL(v)  +  tL(u)j 

from  0  «=  L(uu*^ )  »  uL(u“^  )  +  u"^  L(u' , 

(lp.11)  LCu*1)  *u“2L(u)j 

by  induction, 

(Ip.  12)  L(um)  eau^Lftt)  (m  a  positive,  negative  or  zero  integer); 
and  thus,  if  P(x)  is  a  rational  function  of  x, 

(li.13)  L(P(u))  *  P»(u)L(»). 

Thus,  we  may  state 

THECRUJ  lu3-  Let  L(u)  ■  Du  represent  a  canonical  system  of  forms 
with  D  a  differentiation  matrix  and  u  a  non-singular  matrix  of  the  de¬ 
pendent  variables.  Then  L(u)  »  0,  L(r)  *  0  entail  L(uv)  at  o  aid  L(u”1)  *  Ot 
i.e.,  the  set  of  non-degenerate  solutions  of  L(u)  *  0  is  a  field.  In 
particular,  therefore,  if  P(x)  is  a  rational  funotion  of  x,  L(u)  at  0  im¬ 
plies  L(P(u))  at  0. 


*  where,  to  obtain  a  strict  matrix  interpretation,  we  may  take 

(*-r) 

»+ir  a  \r  n  /  . 
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indspendent  variables.  It  is  of  interest  to  inquire  how  far  Theorem  U.2 
might  apply  to  systrms  of  linear  equations  which  involve  more  than  two 
independent  variables*  We  shall  here  consider  only  entirely  homogeneous 
equations  *  with  constant  coefficients,  for  example, 

(5*1 )  L(u)  «  ak  ~~r? -  u  *  0, 

dx* 

1c  1  'IMt 

where  each  a  is  an  nxn  matrix  of  real  constants,  a  is  non-singular  , 
and 


the  uq  being  the  dependent  variables.  From  the  standpoint  adopted,  two 
questions  arise:  (1 )  When  is  there  at  least  one  pair  of  nxn  matrices 
A,  B,  such  that  L(Au)  *  BL(u)?  (2)  For  a  given  system  (Ji.ll*),  how  many 
such  pairs  of  matrices  are  there?  Are  there,  in  particular,  h  matrices 
Aj,...,Aq  of  the  type  of  A  such  that  U  *  (AjU,  A^u,  Aqu)  Is  a  non- 
singular  matrix? 

We  shall  answer  the  first  question  in  full  and  the  second  in  part. 
Doubtless,  the  second  question  also  can  be  fully  answered  by  further 
application  of  the  methods  employed.  Of  help  will  be 

*  An  equation  is  called  entirely  homogeneous,  if  no  terms  appear  other 
than  the  principal  part. 

«*  as  can  be  assured  by  rotation,  assuming  the  equations  to  be  inde¬ 
pendent. 
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LEUUA  5*1 .  Suppose  every  vector  u  satisfying 


«“>  ■! 


also  satisfies 


M(u)  ® 

k=1 


ak  u,k  «  0 


b  u,k  =  0 


T.  I 

where  a  ,b  are  constant  nxn  matrices,  and  a  is  non-singular,  Then 

1c  V 

there  exists  a  matrix  B  such  that  b  o  Ba  ,  i.e, ,  U  a  BL.  ft 

Proof:  Solutions  of  L(u)  a  0  exist  of  the  form  u  =  cx,  where  x  *  *  I, 

V7 

“4  0  u  *  s**re  constant  «tiix  .Lth  eolaM  telcost*  U  c,,...,o„. 

By  crur  assumptions, 

(5«2)  y  ake^«0 


inplies 


blC°Ic  *  °* 


Call  (a*  )~^  «  ac  From  the  preceding 


(5.3) 


le  preceding  equations, 
(bV11  -  b16)^  *  0. 


We  can,  however,  select  Cg,*,*,  cQ  so  that  (It.  16)  is  not  satisfied,  ui 
less  all  the  coefficients  are  zero,  and  then  determine  &j  to  accord 

ri.th  (U*1S).  This  would  be  a  contradiction,  whence  we  conclude  that 
b^aa^  -  b*  =  0  (k  «*  2,...,n),  or  bk  ■  Bak,  as  desired,  where  B  *  b^a, 

An  immediate  corollary  is 
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THEOREU  5.1 .  let  L(u)  be  given  as  In  Leona  U.1  but  with 
a1  »  the  n-rowed  identity  matrix,  A  ncessary  and  sufficient  condition 
that  for  a  constant  nxn  matrix  A  L(u)  »  0  implies  L(Au)  «  0  is  then 

t. 

that  A  connate  with  each  a  . 

Proof t  Sufficiency  is  obvious.  To  prove  the  necessity,  apply  the 

k  lr  _ 

preceding  lemma  with  b  «  a  A.  Thus  there  exists  a  matrix  8  such  that 
akA  *  Bak  (k  =  1,...,n).  taking  X  =  1  shows  A  =  B,  and  k  *  2,,.,n 
give  the  stated  commutation  relations. 

This  theorem,  in  principle,  answers  our  questions.  A  more  specific 
answer  than  this  is  available,  however,  if  we  now  further  require  that 
the  first  two  terms 

a?  ■  t.,,.  u  +  a2  u 

d*  3  xz 

of  L(u)  be  in  canonical  torn.  Thereby,  a  is,  in  fact,  so  narrowly  re¬ 
stricted  that  precise  characterisation  can  be  made  of  any  matrix  A  that 
commutes  with  it  and,  further,  of  the  matrices  that  commute  with  A.  In 
this  way,  conditions  can  be  stated  for  a?,...,an  which  are  necessary 
and  sufficient  that  there  exist  a  matrix  A  which  cocmutes  with 
a  =  1,  a  ,...,a  .  The  discussion  will  be  presented  in  a  series  of 
lemmas,  proofs  of  which  are  here  omitted. 

LESflJA.  5*2.  Let  a^  (j  b  1,...,«)  be  an  nm  matrix  whose  only  non¬ 
zero  elements  fall  in  a  diagonal  block,  say  in  the  (n^-tkj-th  rows, 
^nj-1+  ^  00luTO3  (n0  *  Oj  1  <  lc,j(  <  <  Hj  <  n)  * 

*  Implicitly,  it  has  been  assumed  that  the  specified  diagonal  blocks 
f<r  “i*“k « >* «  *  “* 
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(j  *  1  ,...,s)  be  the  ran  matrix  whose  only  noiwzero  ele¬ 
ments  are 


Vi4*6  al  (k  *  1,  nj-o^|)« 


Then  an  ran  matrix  A  commutes  with 


"  I* 


3 


if  and  only  if 

(S«U)  (yKq)*q  «  V^AKq).  **  { 

““  **3-  ^  0  *  "t*  *  <&}  ,  V  *  ve<“>  ♦  c$,  and  suppose 

U  is  an  mm  matrix  satisfying  HP  =  VM.  If  tVj£  Vj  M  ls  ttier.  necessarily 
zero,,  If  u  =  v,  the  elaments  .in  each 

diagonal*##are  qqual,  and  all  elements  for  *ich  i-j^  Max  (1,m-n) 
vanish. 

LEJHA  S.lu  Let  U  *  alf2^  +  vui^  +  e(2?}  V  »  v  *,(2®)  4.  J2a) 
(r)  on  n-V  0  w1i  +  Vi  » 

(I  is  the  Mowed  idmtity),  and  suppose  M  is  a  2aa2n  matrix  satisfying 
MU  =  VM.  Then  H  =  0,  unless  uq  *=  vq  and  u,  «  +  Wj,  Otherwise,  writing 

U  *  (1W*  1lfaere  64011  “pq  *  1»**9'®*  1  *  *#•••*■)  Is  a  2x2  matrix  of 
real  numbers, 

^>,q-1  *  Vl,q  <p  “  1**”*B»  *  * 

**  ^-st  course,  the  matrix  obtained  from  A  by  suppressing  all 

elements  not  in  rows  numbered  + 1 ,  and  columns  numbered 

Vi  +  ^  •••»  V 

running  downward  (upward)  to  the  right  (left). 
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mth  the  convention  1^,  -  0.  Thus,  in  particular 

*  0  for  p-q^lfax  (1,dj-r). 

L-BUMA  let  U  «  uc<n>  4  v  «vo  +  Tji^^  4  e£*j^  («J  ^  o). 

If  U  is  a  2  nan  matrix  such  that  UD  *  VII,  then  U  *  0. 

LEUMA  ?a6o  let  J  «  uQ  4  tt,i(2ri)  +  V  =  vc^  *>  c*£}  .  If  M 

ia  an  mz2n  matrix  sash  that  MU  *  7U,  then  M  *  0* 

The  preceding  ’ive  lemmas  afford  an  accurate  description  of  the 
matrices  A  that  connate  with  a  given  matrix 


which  is  the  direct  sum  at  canonical  subnatrloes.  If  in  particular, 

the  canrnlcal  suboatrices  a^,...,^  are  unities  *  ,  A  also  must  be  of  the  form 


*  For  present  purposes,  we  shall  call  two  canonical  matrices  unlike,  if 
they  are  distinct,  except  that  matrices  of  the  form 

4  +  s^,  4  Vji(2a^  +  e£^  will  be  called  unlike, 

% 

if  either  toj  t  +  Vj  • 

,7 
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being  of.  the  same  order  as  and  of  the  type  indicated  by  Lemma  5*3 
or  Corresponding  to 
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If,  on  the  other  hand. 


a  >b  a  = 


“1-S 


*21 


®2fl. 


where 

(with  assumed.  In  addition,  to  be  unlike  a ay  «2j*  any  matrix 

A  that  commutes  with  a  is  of  the  farm 

I 

A  = 


■where  each  A^  is  of  the  same  order  as  the 


biock/^i 


\  md  of  the 

\ 


\  X 
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type  indicated  by  Leonas  5.3  and  5.k> 

After  the  matrices  that  ecramte  with  a^  have  been  determined,  it 
would  be  a  sinple  matter,  in  principle,  to  test  which  of  them  also 
commute  with  a3,c4>„,an  in  (5.1).  We  shall  not  treat  this  question  in 
detail  bat  state  for  the  simplest  case 

THEOREM  5o2c  Let  a,b,c,...  be  a  set  of  square  matrices  of  order 
n,  there  a  is  the  direct  sum  of  unlike  canonical  siamtxlcest 
(5,12) 


The  linear  3pace  A  of  matrices  that  commute  with  a  is  n-dimensional. 
The  subspace  5  of  matrices  that  commute  with  a,b,c,...,  coincides  with 
A,  if  and  only  if  a,b,c,..«  are  all  contained  in  A, 

Proof:  The  matrices  that  commute  with  a  are  the  matrices  of  the 

form 
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bj.  being  of  the  game  order  as  a^,  -where 


b3  “ 


u 

l 


b,  •<*> 

jm  m 


(bjB  real  m*sn>)„ 


if  is  of  the  parabolic  type,  and 
(l/2)rk 

V -  .  %  (r>  )  »  V*W  ,  rt 

2_  (bkn  +i  k  bk>m  (lW  bkn  real>* 

n*=1 

if  ak  i3  of  the  elliptic  type.  The  space  A  of  matrices  commuting  with  a 
i.o  thus  a-dimensianal  and  contains  as  a  subspace  S  those  na trices  that 

5 

commute  with  a,b,c,««.  .  If  S  *  Almost  contain  the  element  - 

(\  \ 

B  = 

\  'hi 

■phare 

(rJ 

*  cr  il  * 

V 

3.f  a^  is  of  parabolic  type,  and 


(rj  (r.) 

Bk  Ei  +e(l/2)rlc-1» 


if  ak  is  of  the  elliptic  type.  B  is,  howwrer,  of  the  stun  fora  as  a 
(i.e..  Lemmas  5.2  to  5.6  apply  to  B),  so  that  the  space  of  matrices 
that  commute  with  B  is  again  A.  The  matrices  b,c,..„  are,  consequently. 
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in  A„ 

Conversely,  suppose  a,b,c are  contained  in  A.  Tbs  elements  of 
A  all  commit et  Hence,  S  =  A. 

Theorems  jj«1  and  £.2  combined  sLth  the  methods  of  section  b  furnish 
a  partial  generalization  to  Theorem  ij.2,  namely, 

THEOREM  >.3.  Consider  the  system  of  linear  expression 

to=1  * 

1  o  n 

where  a  is  the  zwarred  identity,  a  ,...,a  are  nxn  matrices  continuous 

oarer  a  domain  3  in  and  u  is  the  nxl  matrix  of  dependent 

0 

variables.  In  addition,  a  is  assumed  to  be  the  direct  sum  of  unlike 
canonical  submatrices,  and,  further,  the  set  of  the  dependent  variables 
associated  with  any  of  these  submatrices  is  supposed  to  be  don-degenerate  * 
TJe  assume,  finally,  that  a?,...,am  commute  with  a,,.  Then  tlie  system  of 
expressions  L(u)  is  equivalent  to  the  system  of  expressions  L(U),  uhere 
U  is  an  men  non-singular  matrix  each  column  of  vhich  is  a  linear  transform 
of  u.,  If,  moreover ,  the  mm  matrix  T  bears  to  the  rad  matrix  t  the  same 
relation  as  U  to  u,  then  T  commutes  with  U. 

Further  extensions  of  the  theorems  of  section  h  are  possible  but 
mill  not  be  carried  out  here. 


*  In  the  sense  of  section  U* 
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CHAPTER  II 

REPRESENTATIONS  OF  SOLUTIONS  OF  ELLIPTIC  SYSTEMS  OF  EQUATIONS 


1*  Integral  formulas.  The  fact  that  the  non-degenerate  solutions 

of  'i  canonical  elliptic  system  of  equations  form  a  field  makes  possible 

the  construction  of  integral  representation^  analogous  to  the  Cauchy 

formula,  for  the  solutions  of  systems  of  equations  of  the  form 

r 

(1.1)  DU5(Dx+iDy  +  er_1(aDx+bDy))  +  iu£)ep  =  f  * 

or  1 


M.  r-  ^  |  It 

(1,2)  DO  =  (Dx  +  iDy^ezw1(Dxa  +  Dyb))  52  ^  +  =  f  ** 

1  r 

t  n  i  »  t  » 

where,  in  a  domain  R,  im  +  ia  ,  b  «  b  +  ib  ,  and  f  m  ?  (f  +  j.f  )  P 

T  p  P  I 


,»«•*«»  »  . 

(a  ,a  ,b  b  »*p»*p  real-valued;  are  sufficiently  smooth  functions  of  x,y. 
D*  will  be  called  the  adjoint  of  D,  and  D  the  adjoint  of  D*, 

Only  certain  types  of  daoains  will  be  considered.  These  are 
described  in  the 

*  The  appearance  in  this  form  of  D  +  iD  in  place  of  AD  +  BD 

x  y  x  y 

(D/A  non  real)  is  only  apparently  a  specialization.  It  is  well  known 
that,  by  an  appropriate  change  of  variables,  the  latter  operator  can 
be  reduced  to  the  former. 

**  It  is  to  be  understood  that  a  differentiation  operator  acts  upon 
all  the  factors  to  its  rights  the  expression  (Dxa  +  Dyb)U  thus  is 
interpreted  as  Dx(aO)  •*  Dy(WJ), 
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Definitions  1,1,  Let  S  be  a  bounded  domain  whose  boundary  consists 

of  a  finite  number  of  simple  closed  carves  C.  (i  *  1,...,H).  It  is  as- 

a 

sumed  thatAtangavt  to  exists  at  each  point  z  £  (i  =  1,*««,H). 

If  the  angle  «=  <^>(x,y)  a  (J>(z )  (z  £  {J  C^)  made  fcy  Ox  with  the 
tangent  to  the  boundary  of  S  at  z  is  an  H-continuous  *  function  of  z, 
vre  shall  say  that  the  domain  S  is  regular.  Letting  represent  ar t 

length  along  C  and  at  points  of  representing  the  angle 

<*=  <f<>)  =  f(  8^)  AS  Si  fUOdjliOQ  of  8^  |  W6  8hftU»  83JT  3  is 

regular  of  order  k  (k^l)  if  this  function  ^(s^)  has  H-continuous 
k-th  derivatives  with  respect  to  s.^  (i  »=  1  ,...,N). 

In  a  regular  domain  R,  if  II  and  7  are  any  continuously  differen¬ 
tiable  hypercooplax  **  functions,  the  identity 
0.3)  VDU  +  UD*V  *  D*(UV) 
holds,  and.  with  it.  Green’s  formula 

n  “ 

(i.U) 


(VDU  +  UD»V)  dxdy  =  -i  I  UV  (dx  +  icfcr  +  ie^  (ady  -  bdx)) 


where  R  is  the  boundary  of  R.  Prom  Green’s  formula,  the  desired  integral 


*  A  function  f(s)  is  said  to  be  continuous  in  the  sense  of  Holder,  or 
B-Gontlnuoua,  in  a  domain  R,  if  to  each  *  £  R  correspond  positive  numbers 
M,  Q(  such  that  jf(z)  -  f(z’)|  K  li  |z-z’|°*  for  all  a’  £  B, 

If  M  and  ^  can  be  chosen  independent  of  s,  f(z)  is  called  uniformly 
H-continuous  in  R. 

5*  A  numSSF  ®p(«p  +  L^p)  (mpjbp  rsa^-)  be  called 

hyperconplex  (or  hyp ercomplaa-vwlued) ,  It  will  be  called  complex 
( complex-valued) ,  IN  CASE  s^  +  ib^  ■  0  (p  ■ 
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representations  for  the  solutions  of  (1.1)  or  (1.2)  wil3.  be  derived 

■j 

through  replacing  V  by  a  suitable  elementary  solution  V(zjz  )  of  the 
adjoint  system  of  equations 0 

If  the  domain  &  and  the  coefficients  a(x,y)  5  a(z),  b(x,y)  Sb(z)  (z  *  x  +  iy) 
are  s  afficiently  regular,  we  shall,  in  fact,  construct  a  function 
V(x,y;xe,y‘)  SV(zjz')  (z*  ex'  +  iy1)  which  is  continuously  differentiable 
far-  distinct  z,z*  in  &  (z  zf)  and  which,  for  z’  fixed  in  R,  satisfies 
the  differential  equations 


D7(zjz*)  =  0, 
D*V(z »jz)  *»  0, 


and,  in  addition. 

the  relations 

(1,5a) 

lim 

$-+o 

J  U(z)  V(zjz»)  (dz  +  ie^ 

- 

V 

0 

f 

(1.5b) 

lim 

^  U(z)  V(z*jz)  (dz  +  ie^ 

?-+o 

(ady-bdx))  a  U(z’), 


(ady-bdx))  *-U(z'), 


f 

whore  U(z)  is  ary  function  continuous  at  z»,  and  is  a  circle  of 
radius  f  about  z'«  Possession  of  such  a  V(zjz*)»  obviously,  would 
enable  us  to  derive  an  analog  to  Cauchy's  formula  from  (1.U).  The 
construction  of  sizjh  a  function  depends  upon  certain  preliminary 
leranas  to  which  we  now  turn. 

LSJJUA  1.1.  let  R  be  ai  open  region  bounded  by  a  simple  closed 
curve  C  which  has  a  tangent  at  each  point*  Assume  the  dglo  (f  made 
with  Ox  by  this  tangent  is  a  continuous  function  of  arc  length  » 
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alaug  C»  If  f(z)  is  a  function  defined  and  H-continuous  along  Ct 
jf(z')  -  f(z")|  <  M  Iz’-z"!*  (0  <  <*  <  1), 

then  the  integral 

F(z»)  * 

C 

is  uriifomaly  H-continuoua  in  R. 

COROLLARY ;  If  f(z)  has  H-continuous  first  derivatives  f'(z) 
along  Gj,  ■-.hen  F(z')  has  unfornQy  H-continuous  first  derivatives  in  R. 

Proof;  The  corollary  -would  be  an  imaedLate  consequence,  by  inte¬ 
gration  by  parts  along  C,  of  the  assertion  of  the  Lemma.  In  proving 
the  lews*,  we  first  shall  show  that  F(z’)  i3  uniformly  bounded  in  R. 

Let  (r,0)  be  polar  coordinates  about  a  point  zq  of  C,  the  posi¬ 
tive  tangent  to  C  at  being  the  direction  0*0.  Thus,  9  *  0  at  z  . 

w  /  O 

40 

Let  z  =  +  re  be  a  variable  point  of  C.  Then  there  exists  a  posi¬ 
tive  number  c  such  that  cos  (0u  )  >\>  j«lntt|<  Lif  1  z-z  J  ^  c. 

is  compact,  the  number  c  may  be  assumed °to  bo  independent  of 
Since  C  ^  we  observe  dx  *  cos  ds,  <3y  *  sin  <f  ds,  and  |Zp.  On  C, 

dr  *  cosQ  dx  +  sin©  cty  *  cos  (0-  (f  )  da. 

Given  z*  £  R,  let  zQ  be  a  point  of  C  *ich  is  nearest  a’.  If 
z  as  zo  +  rei0  is,  as  before,  a  variable  point  of  C,  then  by  the  cosine 
law  of  trigonometry, 

[s— z«j*  *  |s»-s0|a  +  l*-*0l*  - 


2  |s,“*oi  *** 


ftafcdf!  f$me  -*(*-  -  ■ 
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Per  points  z  of  C  for  rhich  ]  z-zQ)  'C  c,  w©  know,  howsverj  that 

s 

|z-z0|  *s  J  J'  cos(G-  <j?  )  ds  |  >  (1/2)  la~30J  , 

.  so 

S  1 

Jz-zJ  jsin3j  «  V  sin  (q  dsi<  (l/S)  }  ei-so| , 

,i  being  the  value  of  s  at  z  . 
o  o 

Thus,  for  {z--zojj  <  c, 

fz-3»J  2  >  (1/U)  (s-s0)2  -(lA)  ja’-20\  is-ao|  +  lzr-zol  2. 

The  right  side  of  this  inequality  can  be  written  as 

o a)  (s-a0)2  +  iz,-z0|  j>-ei  -  ■  — J 

or,  alternatively,  as 

(L~r —  ~)z,-»0i)  +(3/li)  1Z,_ZJ' 

3y  the  first  of  these  expressions, 

| a-z 1 J  ^  I  ^ol 

far  |  °“a0’|  ^  U  jz»-z0l  •  By  the  second  exqiressic©., 

>  i^sL  i^aL 

f or  c  ^  j  s-sj  tj.  ja'-*0|  «  In  summary, 

w“6)  !*-»'!>  «• 

Since  9  is  continuous,  aid  C  is  compact,  we  may  assume  the  con¬ 
stant  c  so  small  that  a  disk  of  radius  o  or  smaller  about  any  point  of 
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C-  intersects  C  only  in  one  connected  arc* 

Using  the  symbol  R  to  designate  the  set  of  points  of  R  vh  ic.h  ere  at 
a  greater  distance  than  e  from  the  boundary  C,  we  observed  that  F(a*) 


is  uniformly  bounded  in  R 


c/2° 


Consider  now  a  point  z*  in  R  -  R 


c/i: 


Lei  z  be  a  point  of  G  nearest  z‘,  and  let  C„  =  C  (z  )  be  that  subarc 

rt  f  *  ft  0  0 


of  C  which  is  contained  within  a  disk  of  radius  c  about  a  «.  Writing 

Jo 

f(z)~f(z  0)  dz  s=  2'fT  if  (a  ) 

— -j 

C 


dz 


P(a»)*f(»0)  P. 

G 

A 

+  f  f  j,  P  f(a)-f(sQ)  ^^2^1  f(z0)  +Ft(zs)  +F2(z{), 

(  J  J  J 

Go 

sf.  observe  that  FgCz')  is  bounded  uniformly  ti th  respect  to  a*,  since 
5  &-z!  c/2  on  C~Co.  F^(z»)  also  is'uniformly  bounded,  since 


n 


V 

G 

o 


[z~z*{ 


ldz|  <  8  M 


(s-30) 


ds 


0 

-  KG 


the  uniform  boundedness  of  F(z»)  is  an  immediate  consequence, 

To  prove  the  unifora.  H-continuity  of  F(z)  in  R,  we  need  estimate 


the  difference  F(z')  -  F(z'1)  only  for  such  pairs  of  pdxnta  z*,z"  as 
arc  nearer  than  am  arbitrary,  fixed,  amount,  e.g. ,  for  \ 

|  z»-z"  j  <  Oj  (uj  >  0),  ?his  is  so  because  of  the  wnifon  boundedness, 
by  which  there  exists  a  constant  lij  such  that  j  F(zf)-J?(  Z"H  ^  ^1*1  ^  \zf~z' 

for  jz*-z"  j  ^  slj.  It  is  sufficient  also  to  restrict  one  of  the  points, 

V,  to  •  IlMd  rlne-aik.  <ta»in  S-R^  ^  ^  >  a,  >0.  V 

'  /  \ 
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fact,  if  z*  £  R&  ,  both  points  z»,  z"  are  contained  in  R&  _  a  region 

whose  minimum  distance  from  C  is  V*1>0'  In  such  a  region,  however, 

F(z)  lias  uniformly  bounded  first  derivatives,  and,  a  fortiori,  satisfies 
11 

a  uniform  Holder  condition* 

Thus,  we  shall  suppose  )st->ztt)^aj  and  |z*  -  c|<a2  *  ’"Jiere 
a,( ,,  ars  arbitrary  constants  which  will  now  be  fixed.  We  shall  suppose, 

namely,  that* 

(!)  &2  $  e/U} 

(ii)  a?  4;  c/8j 

(iii)  both  and  a2  (with  a2  >  )  are  so  small  that,  if 

z!q,  z”  are  points  on  C  nearest  z’,  z",  resp.,  then 

K-aJl  4.  2  l  *--*•  I  ** 

(iv)  if  the  distance  between  two  points  z^,  z2  £  C  is 

^z1wZ2l<6  ®1»  then  Jsfc,  )-s(z2)|  <  2  (Zj-Z2\  ,  where  3(z) 

represents  arc  length  along  C  at  z. 


Let  ua  now  write 

r\ 


F(z«)  -F(z")  =: 


f(»)  -  f(a») 


dz  - 


C 


f(s)-f(z») 

|— 


z-z* 


f(z)-f(z 


f(z)  -  f(*2> 

- 


dz 


z-z" 


z-z" 


~]  d*+fp 


f(z)-f(z£) 


z-z* 


dz-| 


f(z)-f(z») 


z-z" 


0-0. 


c-a. 


dz 


=  Fo+P1 


*  TSy  yi*  -  ti  J  is  meant  inf  |z'-z[, 

z  £  C 

#*  We  may,  far  instance,  let  »2  be  so  small  that  the  ring  like  region  R-R^ 
is  simply  covered  by  the  interior  normals  to  C.  Thena^  cot  be  so  determined 
that  the  points  of  any  disk  in  IMt  of  radius  a^<  a^  lie  on  normals  to  C 
whose  directions  vary  sufficiently  little e 
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We  shall  shew  there  exists  112>0,  independent  of  z*,a",  such  that  the 

(X 

curly  brackets  are  less  in  absolute  volue  than  Mg  *"  |  »  Setting 


G(z*) 


; 

c-c 


f(z)  da  , 

E— Z* 


H(a*) 


/• 

C-C_ 


da 

8-2* 


we  have,  infact, 

F|  a  0(b»)  -  G(z")  +  [f(z£)  -  f(z»)]  H(»")  -f  f(z')  [h(z*)  -  H(z»)j  . 

Further,  ty  (i)  and  (ii),  the  straight  segment  L  joining  s',  z"  is  at  no 
point  nearer  to  C-CQ  than  (5/8)c,  whence  it  follows  that,  on  L,  G(z)  and 
H(z)  are  uniformly  bounded  and  have  first  derivatives  which  also  are 
bounded  uniformly  with  respect  to  z’,  a".  From  this,  from  the  H-contin- 
uity  of  f(z),  and  from  (iii),  the  statement  as  to  F^  follows. 

To  collate  the  proof  of  the  theorem,  we  oust  adduce  a  similar 
property  for  Fq.  Let  K  be  a  disk  about  z'  of  radius  2  |z*-z"|  .  If  N 
intersects  C  at  aLl,  KC  ,  where  Kp  is  a  disk  of  radius 
f  eii  [  z'— z"  |  about  z».  Let  Cj,  be  the  arc  of  C  contained  in  1^,  0 
Obviously,  CQ-C^  does  not  Intersect  Ip  or,  a  fortiori,  K,  so  that,  ty 
elementary  geometrical  argument,  |s-s"|  (1/2)  ) m—a*|  for  a  £  Co-C^ 


an 


Let  us  write 

rv 


F. 


f(z)  -  f(z£) 


f(»)  -  f(»") 


s— z 


f(»*>  I  Pf 

r — 1  **  +  (*'-*"  x 

J 


f(z)  -  f(z*) 


+SrrT*ZirJ 


*  (f(*S)  -  f(**)) 


r* 

da 

a  -  *n 


rM  *  (••-•■)P01  ■*  («*;>  -  f(*;»v 
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The  arc  lies,  by  (il),  in  CQ  *  C0(z^),  and,  by  (ii)  ana  (iii),  in 
Go(sr.”)«  Prom  (1.6),  therefore, 

(1.6.1)  \z-z'\  |8-e^|  ,  [^l &  CVU)  |*-s^) 

on  ,  where  s’,  s£  are,  resp.,  the  values  of  s  on  C  at  z»,  z».  It 
follows  from  this  and  from  (iv)  that 


lpJ* 


'f(z)  -  f(s') 


56— z' 


dz 


f(z)  -  f(z") 

- . — 2 —  dz 

z-z" 


yj 

c 


s»+2P  s"+2? 

°r  C<  -1  n  0<-1  16m  w* 16m  «  .  ,0( 

^  3M  |  (s-s^)  ds  +  8M  1  (s-s£)  da  *  SC |z'-z"l  > 

a'o  ao 


o  o 

To  estimate  Fq^  ,  ire  recall  that  |  z— zn|^  1  z-z*  I  on  °  From 

this,  from  (1 .6.1),  and  from  the  fact  that|z-z£|  ^  |»-s^|  ,  we  obtain 

z»+2C 


z’+2G 

P  o(-2  p  oC-2  2°^~1  u  J 

iF01}<  32M  da* 6101  j  8  *  - ’T-if"  (? 

Co-°j  8i+S 


c<  -1  °C— 1 , 

'  -  0  ) 


whence  we  deduce  easily  the  existence  of  a  constant  independent  of 
z’,  z",  such  that 

l‘,-*,llr0iU  ,J3  - 

To  conclude  the  proof  of  the  lenna,  i-  suffices  to  show 

lpa>K\1<*  •*%* 

and  being  constants  independent  of  z',  zn.  This  is,  however, 
obvious  consequence  of  the  inequalities 

A 

\Fi 


an 


02 


Kj*. 

V3? 


Idzl  ,  2 

(z-z1^  ^ 


0  -C 
o  ? 


Idzl  ^  8 


|i=zT| 


p  n 


c— c. 

o  f 


ds 
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LSLEiA.  1.2.0  Let  S  be  a  regular  domain.  If  P(x,y)  5P(s)  is  a 
fionpiex-valuedj,  uniformly  B-continuous  function  in  S,  the  functional 

I(Pjz*)  =Ig(PjB«)  =  jf-^r-  tody 

s 

defines  a  solution 

ur(z)  =  :(pjz) 
of  the  equation 

(Dx  *  ±L^Mz)  -  Hz) 

liiich  has  uniformly  H-continujus  first  partial  derivatives  in  S„ 

Let  zq  be  any  point  of  B.  *olloidng  the  lines  of  a  rail,. 
known  argument  *  ,  we  may  write 
W(a')  = 


dKfcr  =  P(zo)  Q(z»)  +  JJ[PU)  “  P<*o>] 

S. 


dxdy. 


■{(here 


0(8*) 


If-s-.- 


Thus, 

W(z')  ~  W(zQ) 
- z rr 


«*») 


0(z*b  -  0(8  ) 


i*  -  z. 


S' 


i 

8=? 


o  -  “  “0 

The  second  integral  on  the  right  is  known  to  have  a  limit,  as  z»  -«• 

w 

which  itself  is  uniformly  H-contifruous  in  S  **  }  G(z)  we  shall  shortly 
prove  to  have  all  derivatives  at  any  interior  point  of  3  and  its  first 


MoJ 


dxdy 


*  See  E.  Hopf  [lj  page  203  •_ 

**  see  E.  Hopf  [1]  Lemma  3,  pp.  203-206. 
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derivatives  G  (z)  G  (z)  to  be  uniformly  H-continuous  in  S  *  It  will 
follow,  in  particular,  that,  at  z  =  z0,  W(z)  has  first  partial  derivatives 
whose  values  are  easily  computed  from  the  formula.  Replacing  zQ,  an 
arbitrary  point  of  $  t  by  z»,  we  have,  in  fact, 

0.7)  Dx9ff(3t)  »  p(z«)  Dx,G(z')  -  F(z*jJ  Dx,(s dxtfy, 

s 

from  which,  and  from  the  analogous  expression  for  Dy,N(z'),  we  obtain 

(Dxt*LDytMz*)  *  P(z')(Dx,+iDyf)G(s*H  JJ[p(z)  -  P(z')j  (Dx,+  iDy|)(z-z*r*dxdy} 

Renee,  to  show  that  w(z)  =  -(l/2‘fP)W(z)  satisfies  (D  +  i  D  )  w  (z)  =  P(z), 

x  y 

we  need  only  to  recognize  that 

(°x,  +  iDyf)(z-z»r1  =  0  for  z  z* 

and  to  verify,  in  addition,  the  previous  assertion  as  to  the  derivatives 
of  G(z)  aid  the  equality 

(\,  +iDy,)G(z*)  «-2^. 

Let  Kp  be  a  circular  disk  of  radius  f3  about  the  point  z’.  Q(z»)  is  the 
limit  as  f  -*>0  of  the  proper  integral 


// 


z-z' 


that  i3,  by  Green1  s  formula,  of 

(1/2) 


/2,If 

3-K„ 


z-z’ 


j  (Dx  +  !Dy)z  |  dbajy 


-  j*J* 


d». 


_f  .  y 

where  z  a  x-iy  is  the  conjugate  of  s,  and  S_  is  the  boundary  of  El  ,  Hence, 

JO-  J 


G(a')  «  -TT«'  -  (i/2) 


J 


8 

Z-Z* 


dz. 


-j  being  the  conjugate  of  2’.  Baoh  term  mi  the  right  has  all  derivatives 
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for  z’£  B,  and  tlie  integral  is  annihilated  by  the  operator  D^,  +  IDy,. 
Hence,  G(z* )  also  has  all  derivatives,  and 

(Bx,  +iDyl)Q(z»)  =  -2  IT, 

as  required. 

We  still  must  demonstrate  the  uniform  H-contimiity  in  S  of  the  first 
derivatives  of  G(z).  It  is  enough  to  discuss  one  of  them,  sny  Gx(z), 
since  the  other  is  determined  by  (B  +  iD  )G(a)  s  -2  TT"  ,  a  relation 

A*  J 

which  holds  for  all  z  in  S.  By  the  foregoing, 

V**’)  --if- u/2) Js  x&r*  *  -ir  +(i/2) J-fsr* 

•  o 

S  3 


Writing 

dz  *s  |  dz|  , 

where  ^  ^  (z)  is  the  angle  made  with  Px  by  the  tangent  to  the  boundary 

at  z,  we  have 

dz  m  0-2i?(z)  dz  S’  h(z)  da. 


Under  the  restrictions  imposed,  h(z)  is  H-continuous  for  z  £  3.  Thus, 
Lemma  1 .1  applies  to 


J'_SSr«  J- 

z-z*  ^ 


1(z)  dz 

i-s* 


and  this  consulates  the  proof. 

LH4SA  1.3.  If  S  is  a  regular  domain  of  order  1 ,  and  if  P(z)  has 
uniformly  H-continuous  first  derivatives  in  S#  then 
W<z)  »  3g(Pj*) 

has  uniformly  H-continuous  second  derivatives . in  S. 

Proofs  %  Lemma  1.1,  the  function  w{z)  has  uniformly  H-continuous 
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first  derivatives  in  S.  To  prove  the  lemna,  it  irt  enough  to  discuss 
the  derivatives  of  wx(z),  hence  of  Wx(z),  i nhere,  at’  before. 


W(7,') 


■if® 


dxdy  *  lim 

f- o 


Hz) 

2 r-Z* 


thoiy. 


S-K, 


KyG  3  being  a  circular  disk  of  radius  ?  about  the  point  of  S.  Ejy 
Green* s  formula, 

W(z*)  a  lim  w  -  f  i  P(z)  log(z-2*)  dy  -  P.c(z)  log(v-z’)  dxdy~j 
^  *°  S  S-K^ 

"  J  PW  loe<i-z'>  |Jy»>  k>b<  z-z" )  dxdy. 


Hen.ce, 

Dx,lY(z») 


1^-  **■ 


The  area  integral  on  the  right,  by  Leona  2.2,  has  uniformly  R-continuous 
first  partial  derivatives  in  S.  The  boundary  integral  J(z»)  has  all  de¬ 
rivatives  with  respect  to  x*,y*  far  a*  £  S,  and  we  shall  shoe  its  first 
derivatives,  in  particular,  say, 

y<*’>  *  *• 

9 

S 

to  be  uniformly  ^-continuous  in  S.  To  do  so,  we  observe  that,  in  the 
notation  of  Definitions  2.1 ,  dy  o  sinff  |ds^  since  on  \dzj  is  equal 
to  the  element  of  arc  da^.  Further,  (da(  w  s-1?  dzf  thus, 

P(z)  dy  ■=  P(z)  «Ln(&  e”*^  ds  *  j(s)  dz, 
where  j(z)  is  defined  and  has  H-oontinaous  first  derivatives  j’(z)  * 

9 

on  each  curve  conprising  S,  We  may  then,  integrating  by  parts,  write 
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>-  J  2  -  J  -  J  i'W-Si 


Lexaia  1„1  aow  applies  to  the  last  irtegral*  ®he  result  is  that.  J (a* ) 
is  uniformly  U-continuous  in  S  as  stated, 

As  final  preparation  for  the  construction  end  application  of  an 
elementary  solution,  we  introduce  a  convergence  concept  into  our  algebra 
of  hypercorapler  cji  an  titles «  Let  tJ  =  ^  e n 


8pUp  be  an  element  of  this  algebra. 


the  being  coupler-valued  numbers.  We  then  define 


wu 


*  \\\  >  M 


L  w 

pel 


Evidently, 

N(U+V)4  UlO  4  N7, 
N(UV)  =  NU  0  m, 
Since,  further. 


l  u+v|  4.  D  4  V  , 
|TJ\|V|  . 


U11 


v1  - 

5W  ■ 


s  (dp  +  e)n 


=*  u£  + 


(bC1 


e  + 


,  /  n  \jv.*+1 
+  (xv-1  K  < 


e  being  zero,  we  have  also 
NOT11)  «  (KU)n, 

[0°!  4  Cr  n1^*1  Ha*(1 ,  |Uj  ^ )  *  Hax(  (NU)n,  (NU)n-*r+1 )  (n  >  r) 
where  Cp  is  a  constant  depending  on  r.  Defining  convergence  in  terms  of 
the  valuation  l  I  ,  we  can  then  state* 

LEMMI  lvli.  Let  .f(z)  s  £  vk  be  a  power  series  with  compleot  coef¬ 
ficients  which  converges  for  (s|  <  c* 


»,  ww» 
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If  e  is  a  nilpotent  element,  then  the  series 

m 

f(z-»e)  «  *y~  a^z-te)* 

\So 

also  converges  for  |z',  <  ca  ^he  convergence  is  absolute-uniform  for  \z\-$  °0  <  c" 
OOROILftKTs  If,  for  z  in  some  opm  set  3,  jr(z)  is  a  continuously 
differentiable  hypercouplex  function  such  that 
N(w(z))^c0  <  c, 

thmin  S 

df(w(s)}  «  f*(ir(z))  der(z), 
inhere  f'(z)  f(z)« 

Proof t  Let 

*„<*>  -  f  vk- 


By  the  foregoing  rules  for  the  new  valuation,  there  is  a  constant  C  de¬ 
pending  on.  e  such  that  (for  a^r) 

fc-r+1 1 1 

1  n 


^Ku*kl.  5  ^  Kll 


<  2  C  Maac(1,  \z\  *“1)  ^  k(k-1  )..,(JUr+1 )  \«kl|*lW+1 


Lenm  1„U  now  follows  from  the  absolute-uniform  convergence  for  |z|  cQ  <  c 
of  all  tie  series  (in  particular  of  the  (r-1  )st}  obtained  successively 
from  f  (a)  by  tsraad.se  differentiation.  The  corollary  also  Is  proved  by 
teamwise  differentiation. 

The  rules  governing  the  manipulation  of  ordinary  convergent  power 
series  apply,  thus,  to  power  series  in  hypercoaplex  numbers,  A  wall  known 
rearrangement  theorem,  in  particular,  gives  us 
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LQfflff.  1*5  If  f(z)  represents  a  convergent  power  series,  then 


f (z4e) 

«*>• 


ZWJ 

n 


^  .*r(k)u>. 


■where  f^(z) 

Proof  of  this  result  depends  on  the  fact  that  «^»0  (k  *  r,  r+1,  0.0)0 
ffa  can  now,  making  use  of  the  preceding  lemmas,  construct  a  suitable 
elementary  solution  of  -the  equation  D7  *  0,  assuming  a(s^r)  *  a(z), 
b(x.y)  =  b(z)  to  be  uniformly  H-continous  in  a  regular  domain  R.  Tilth 
the  notation 


I(P}*»)  *  -(1/2 "TP) 


Hu 


dxcfcr. 


R 


we  begin  by  defining 
(1.6)  tr(z)  «  z 


tp(z)  *  I^-(aDx  +  bDy)tJHl(z)|*^  (p  *1,  r-1). 

By  Lenm  1.2,  each  tp(z)  bos  uniformly  H-continuous  first  partial  derivatives 
in  and  the  hypercomplenc  function 


t(z)  rz  9ptp(a)  *  z  *  T(z) 

1 


(T(z)  nilpotent) 


satisfies 

(1.3)  ETT  E  (D^  +  lDy  +  •Iu1(aDx  ♦  bD^JH  ■  0. 
t(z)  will  be  called  a  generating  solution  of  Dt  *  0.  observe  that 
D(t(z)  -  t0)k  *  0  (tfl  ■  hypercooplex  constant), 

and,  mare  generally, 

t.ruua  1,6,  To  any  conplex-valuad  function  f(s),  regular  and  analytic 
in  a  subdomain  S  Cl  R,  correaponds  a  hyperccmplax  valued  function 


Non-Parabolic  Systems 


Hz)  3 f(t(z)) 


tr  f(k)(«)  W*))k 


which  at  each  point  of  S  satisfies 
dF(z)  «s  f»(t(z)}  dt(z), 
and,,  hence,  in  particular,  the  equation 
BF(x)  *  0. 

Proof?  In  the  neighborhood  of  an  arbitrary  point  zq  of  3,  £(») 
can  be  represented  as  a  convergent  power  series,  say 

a»r_\  _ \  ^ _  \k 


f(a)  =  a(zjsQ) 


By  Lemma  1„U,  the  power  series  s(t(z)ja  )  converges  in  the  neighborhood 


of  s„,  and  Lemma  1,5  then  shows 
°  rwl 


1  Mi 


s(t(z)js0)  *  Er  sw(*ja0)  (K?))11 

0 

n-1 

-  W  f(k)(z) 

0 

The  differentiation  rule,  and,  hence,  the  faot  that  the  right  side  of 
the  last  equation  is  annihilated  by  D,  are  proved,  finally,  by  applying 
d  tenarise  to  the  series 

s(t{z)jz0)  «  y~  aJc(t(z)  -  zQ)k, 


an  operation  which  is  justified  by  the  corollary  to  Lemma  1  ,lu 
Equation  (1.9)  may  also  be  written  as 

0+  VlaJtx  +  1(1  -  i#r-1b)ty  “  °» 
and  from  this  the  identity 
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U  £•) 


(1.10) 


*x 

1“1Vib 


is  obvious.  Now  we  define 
(1.11)  v(z3 a») 


Giro"4  V8'*  .  i  . 

Ir-ie^b^ z'T  i(z)  -  t(zO 
This  is  the  elementary  solution  of  DV  »  0  which  we  shall  use  in  Green’s 
formula,  -Mis  important  properties  are  summarized  in 

THEOREM  1.1.  If  a(z),  b(z)  are  complex-valued,  uniformly  H-con- 
iinuous  functions  in  a  regular  domain  II,  let 
(1.12)  t(si)  =  z  + 


1 


ePVz) 


be  a  solution  of  equation  (1.9)  which  possesses  uniformly  B-contLnuous 
first  derivatives  in  R.  Such  a  solution  exists.  Defining  V(zjz')  as 
in  (1.11),  we  then  have 
(1.13)  OT(zjz’)  =0. 

Further,  both  the  relations 


lim 

S?-»0 


lim 

P->0 


|  U(z)  V(zjz’)  (dx  +  idy  +  ie^  (ady-bdx))  **  11(3*), 


C, 


I 


U(z)  V(z’jz)  (dx  +  idy  +  ie^  (ady-bdx) )  =  -U(z’), 


cyoeing  a  circle  of  radius  J3  about  the  fixed  point  z»  of  R,  are  valid 
for  any  hypercomplex  function  U(z)  which  is  continuous  at  z’„ 

If  a(z),  b(z)  possess  uniformly  B-contimious  first  derivatives  in  R, 
and  if,  in  addition,  R  is  regular  of  order  1,  we  may  assume  t(z)  to  have 
uniformly  H-cotimous  second  derivatives  in  R.  In  this  case, 

(1.13*)  D*V(z*fz)  »  0. 


-cstrir 


► 
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Proof  t  The  existence  of  a  generating  solution  t(z)  and  the  continuity 
properties  of  it3  derivatives  have  alreacy  been  shewn.  We  have  only  to 
verify  (1,5)  and  1,13*),  The  second  integral  in  (1.5)  can  be  written 


U(a») 


X 


M.lm\  (  4  1  V_V»/  -  v«Hy-u 

t(S)-W  -  W1  J  T^ST  U(«f-tW7 


tx(s)  (da-lie^  (ady-bdx)) 


-U(z»)  -  (21M)”1 


To  evaluate  1^,  m  may  introduce,  in  accordance  with  Lemma  1,6,  the  function 
f(z)  a  iog(t(.)-t(E')).log(w»)  *  S  g-  j)k  * 

Obviously,  r-1  ,  v 

df(z)  «  dlog(z-z»)  +  d  ^  ^ T  * 


whence  we  see  that 

df  (*)  =  2lfi. 


I 


The  integral  on  the  left  is,  however,  21HI^,  since 

dt(z) 

df(*)  “  t'(zT  - UzT)» 

a  relation  which  follows  from  Lemma  1.6, 

To  prove  that  Ig  tends  to  zero  with  f  ,  we  first  observe  that,  if 
w  is  a  comp  lei  number  and  e  nilpotent,  then 


(«) 


-1 


-k  Je-1 


Hence, 


II  »"« 
1 


k-1 


«*>  -  tuor1  =  c*-*')-1  £  i-tiw 

It  follows,  since  T(z)  has  uniformly  bounded  first  derivatives  in  R, 


I 
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)(t(z)  -  t(z»)r1|^  Hf/ia-*,i  «v?  * 

where  ilj  is  a  suitable  constant  independent  of  f  .  Similarly, 


t_j.Cz) 


-  M2,  |  dz  +  ie^  (ady-bdx)j  ^  da. 


Mg,  being  constants  independent  off,  and  d3  the  element  of  arc  length 
onC^,  ,  How  let  0  (^  )  be  a  modulus  of  continuity  for  U(z)  at  z*s 
ju(z)  -  U(z*)|«0(  f  ) 
for  j  z-z’W.?with  lim0(P  )  *=  0.  Evidently, 

\i2\  4  n,iyyj(f  )  j"  #  =  21TM1!yi30(f  ), 

C  ' 

f 

If  follows  that  Ig  does  tend  to  zero  with  f*  ,  as  stated,  and  thus  the 
second  relation  (1,5)  is  established. 

To  prove  the  other  of  these  relations,  let  us  write  the  first 
integral  in  (1.5)  as 

-  U(z)  V(z*5z)  (dx  4  idy  4  ie^  (a(fy-bdx)) 

°?n 

4  j'u(z)  (V(z»jz)  4  V(z;z'))(dx  4  i$y  4ier_1(a<3y-bdc) )  =  4  Jg, 

We  have  already  shown  that  tends  to  tJ(z,)  asf-*  0.  What  remains  is 
to  prove  that  Jg -*■  0.  First  we  note  that  the  function 

t  (z) 


is  uniformly  H-continuous  in  R: 
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^g(z)  -  g(z')|  <  K  (z-z»|  b  (0<h<  1,  K  *  const*)* 

Hence,  on  0^  , 

\v(z»jz)  +  V(ziz*)|  =  |(21T  i)**1  (t(z)  -  tU*))”1  (g(z)  -  g(z»))\ 

<  =  K,  f  M  , 

■where  Kj  is  a  constant  independent  of  j3  .  Also, 

\u(z)i^  K2 

in  a  neighborhood  of  z' ,  say  for  (z-z'[  «  ft  .  For  p«&,  it  follows, 
therefore,  that 

lJ2l<  “"p^b 


n 


d3  a  2 IT 


V/ 

C 


*|W 


as^1-*  0,  as  asserted. 

For  such  t(z)  as  possess  continuous  second  derivatives  in  K,  let  us, 
finally,  verify  equation  By  (1*11), 


DV(Z»;z)  a  (3/21M)  (t'-tr1  D  ^ 


a  (l/2TTi)  (t»- 


•-t  r1  ( ** 


ie„  *  t_  Db 


KF —  *  ■trarfCT-2  (■ 


where  we  have  put  t  =  t(z),  t*  =  t(z'),  etc.  We  observe,  further,  that 
from  Dt  =  0  follows 

0  *  DDt  a  Dx(Dx  +  iDy  +  e^  (aDx  +  bDy))t  =  (Dx  +  iDy  +  e^  (aDx  +  bDy))Dx 

+  Vl(axDx  +  bxV  t  =  Dtx  +  Vi  ^x  +  bxV)# 

and,  in  addition, 

(1  +  e^-j a)tx  +  (i  +  e^bjty  *  Oj 
the  last  two  results  together  give 
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Dt_ 


Vi  ‘x 


i"**  J 


Hence, 


mz>„)  =  (Jiri r1  (f-t r  Vl  ^  u 


r-1 


[ 


-ib^l-W^a)  +  iDb  “1 
4 — ^ - 1 


»  -VU^z)  (ax  4-  by). 

Equation  (1.13*)  now  follows  from  the  fact  that 

D*sI1  +  vi(ax+V‘ 

Theorem  1.1  and  Green* 3  formula,  applied  to  a  domain  consisting  of 
the  point3  of  R  outside  a  small  circle  about  the  fixed  point  a*,  new  give 
us 


THEOREM  1.2.  If  a(z),  b(z)  have  uniformly  H-continuous  first  de¬ 
rivatives  in  a  regular  domain  2,  let  t(z)  be  a  function  of  the  type 
(1.12)  as  described  in  Theorem  1.1,  and  let  V(zjz*)  be  defined  from  (1.11  )<, 
Then  far  any  hyper  complex-valued  function  U(z)  of  class  C*  in  R,  there  is 
an  integral,  representation 

U(z»)  a  J  U(z)  V(zjs’)  (dx  +  icfcr  +  ie^^aebr-bdx))  - 

» 

R 


■If- 


il  [  V(zjz*)  D»U(z)  dxtfyo 


If  R  is  regular  of  order  1,  t(  z)  may  be  assumed  to  have  H-continuoua 

second  derivatives  in  R,  and  in  this  case  the  alternative  representation 

U(a')  *  -  |U(z)  V(z*;z)  (dx  +  ±c^r  +  ie^ (a^jr-bdx))  +1  J'J'v(z,}z)  DU(z)  dxdy 

4  'fi 


R 


also  is  valid. 

Partial  converses  to  these  statements  are  provided  by  the  combined 
assertions  of  the  two  following  theorems l 
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THEOREM  1,3*  Assume  a(z)s  b(z)  hare  uniformly  H-continuous  first 
derivatives  in  the  regular  domain  R.  If  f(a)  is  a  hypercoopler-valued 
function  defined  and  integrable  on  the  boundary  R  of  R,  then  the  integrals 

.  P 

I(b*)  «  j  f(z)  V(zjz')  (dx  +  idy  +  ie^Cady-bdx)), 

v 

R 

r 

J(z')  »  ^  f(s)  V(z‘jz)  (dx  +  idy  +  ie^ (ady-bdx) ) 

R 

represent  functions  with  H-cotinuous  first  derivatives  in  R  such  that 
D->I(a)  =  0,  and  QJ(z)  *  0« 

Proof,  in  accordance  with  Theorem  1.1,  is  by  differentiating  under 
the  integral  signs,. 

THEOREM  1.1u  Let  R  be  a  regular  region  of  order  1  in  which  a(z), 

b(z.)  are  assumed  to  have  uniformly  K-cotlnuous  first  partial  derivatives., 

Let-  j(z)  be  a  hypercomp  lax-valued  function  defined  and  having  uniformly 

II-continuou3  first  partial  derivatives  in  R.  If  V(zjz')  is  defined  as 

in  Theorem  1.1,  the  integrals 

S(s')  =  J  j(z)  V(zjz»)  dxdy, 

R 

T(zf)  =  V(z’jz)  dxdty 

R 

have  H-continuous  first  derivatives  in  R  and  in  R  satisfy  the  equations 
(l.lll)  D*S(z)  »  ij(a),  OT(»)  <=  -ij(a). 


.r*W 


'  * 


f 
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Proof i  Reasoning  as  in  the  proof  of  Lemma  1.2,  we  can  easily  show 

that 

Txt(z«)  =  j(z‘)  Dx,  V(z»;z)  dxdjy  +  j'  f  (j(z)  -  j(at*>)  Dx,V(z»ja)  dbtdy 

R  ^  R 

and  that  the  second  integral  on  the  right  satisfies  a  uniform  H-condition 

in  R.  We  must  also  shoe  that 

H(z*)  *=  J"* J"*  V(z’jz)  dray 
R 

has  H-continuous  first  derivatives  in  R  and  that 

(1.15)  DH(a)  =  -i. 

To  facilitate  the  discussion  of  H(z),  we  shall  introduce  a  new 
function  j 


s(z)  =  (1/2)®  *  n  epsp(z) 


1 


which  is  to  have  uniformly  H-continuous  first  derivatives  in  R  and  to 
satisfy  there  the  equation 
(1.16)  Ds(z)  =1, 
that  is, 

(Ul6p)  (Dx  +  iDy)Sp(z)  +  (aDx  +  bDy)sp+1(z)  «  0  (p  «  1,...,r-1|  sr(z)  » 
Specifically,  using  again  the  notation 


we  define 


I(PJ«»)  ■  -(1/2^)  JJ  S-40^* 

R 


«r(»)  »  (1/2)* 

sp(z)  *  I(-(aDx-rtjDy)sp+1  >  z)  (p  »  1  »*•*»  ^■1), 


NifNI 
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It  is  clear  from  Lemma  1.2  that  each  Sp(z)  has  uniformly  B-continuous  first 
derivatives  in  R  and  that  equations  (1.16)  are  satisfied. 

If  is  a  disk  of  radius  f  about  z1  £  R,  then  H(z»)  is  the  limit  as 
f  •*  0  of  the  proper  integral 


D vu,,,) 


dxdy 


JX r(z,‘ 


z)  Ds(z)  dxdy 


or,  by  Green’s  formula,  of 


“f 


“i  -  J'j  V(a’jz)  s(z)  (dz  +  ie^  (ady-bdx)), 


ft 


« 

since  D*V(z«jz)  *  0  in  R-K^  (f  >  0).  Theorem  1.1  thus  gives  us 

H(z')  =  -is(z')  -  i  j'  V(z’ja)  s(z)  (dz  +  ie^  (adjr-bdz)). 


whence  we  observe  that  H(z)  has  H-ctntinuous  first  derivatives  in  the 
interior  of  R  and  that,  moreover,  the  second  equation  of  (1 .12*)  is  justified. 
The  first  can  be  proved  in  a  similar  fashion. 

We  shall  later  have  need  also  of 

THEOREM  I.J.  Let  a(z),  b(z)  have  uniformly  B-continuous  first  de  - 
rivatives  in  a  regular  domain  ft  of  order  one,  and  1st  V(zjs')  be  defined 
from  (1.11).  Let  C  be  a  simple,  oloeed  curve  contained  in  R  having  con¬ 
tinuous  curvature,  and  let  U(z)  be  defined  and  piecewise  continuous  on  C. 

If  U(z)  is  B-continoous  at  a  point  z.  of  C,  the  integral 

J(z')  *  l  V(z»jz)  U(z)  (dx  +  icfcr  ♦  ie^ (ady-bdx) ) 

C 


satisfies  the  relation 


Non-Parabolic  Systems 


-68- 


31m  J(s»)  «  J(zJ  -  (l/2)U(zJ, 


33  z’  tends  to  z  from  the  interior  of  C. 
o 

Proof  t  %  foregoing  reasoning. 


j(zn  =-(atrir1  J  «*>  Elif-W  -  -CztTi)-1  j*  C(z)  dlog(t(z)  -  t(z5)) 
C  C  %  ~ 

s-Camr1  f  U(z)  dlog(a-z * )  -  (21T1)-1  f  (U(z)-U(z*))  d 


The  second  integral  on  the  right  is  continuous  on  the  boundary  because  of 
the  Hdlder  condition  supposed  for  U(z),  thile  the  first  integral  satisfies 


11m 

s4s 


(2TM)"1 


J 


U(z)  dlog(z-z*) 


(ttM)”1 


J  U(z)  dlog(z-z0)  +  (l/2)U(z0)  *  «, 
C 


Z,  Representation  of  the  solutions  of  homogeneous  systems  of  equations^ 
With  the  aid  of  Cauchy's  integral  formula,  a  simple  representation  can  be 
obtained  for  sufficiently  regular  solutions  of  the  system  of  equations 

(2.1 )  DO  *  <DX  *  my  +  ie^  (a(z)Dx  +  b(z)Dy))U(z)  *  0, 

where  a(z),  b(z)  are  coupler-valued  functions  possessing  uniformly  B-con- 
tinuous  first  derivatives  in  a  domain  R.  We  shall  show,  namely,  that  the 
manifold  of  solutions  of  DU  =  0  regular  in  the  neighborhood  of  a  point  zq 
of  R  is  the  manifold  of  all  convergent  power  series 

(2.2)  r  cn  (t(z)  -  t(z0))n 


*  The  integral  on  the  right  converges  absolutely,  Por  proof  of  this  formula, 
see  tt*  Courant  |_1j,  pp,  306-31  'i. 


yffBPw 
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with  hypercomplex  constant  coefficients  cn,  ltoere 

(2.3)  t(z)  =  z  +  et(z)  S  z  +  T(z)  (T(z)  nilpotent) 

1  P  P 

is  a  function  possessing  uniformly  ^-continuous  second  derivatives  in  a 
neighborhood  of  zq  and  satisfying  the  equation 

Dt(z)  =0. 

We  have  previously  called  t(z)  a  generating  solution  ofDt  *  0,  Convergence 
of  the  series  is  defined  with  respect  to  the  metric  introduced  in  the  pre¬ 
ceding  section.  The  existence  inside  a  subdomain  Rfl  of  R,  tfiich  is  regular 
of  order  1,  of  a  function  of  the  type  (2.3)  with  the  indicated^properties 
is  guaranteed  by  Theorem  1 .1 . 

Let  U(z)  .be  a  solution  of  (2.1 )  which  is  of  class  Cf  in  R.  Let  C 

be  a  circle  about  z  which  with  its  interior  is  contained  inside  R  .  % 

o  o 

the  second  formula  of  Theorem  1.2,  and  by  (1 .10),  (1.11),  the  value  of  U 


at  ary  point  z*  interior  to  C  is 
U(z»)  «  (2iri)~1 


dt(z) 

[zj  -  tl**>  * 


■Employing  the  exapnsion 


W^TtT^) 


't(zO_-t( 


<t(zl)-t(zn)l 


[ZJ  -  ttz_ 


vre  see  that,  at  the  points  of  any  disk  K  about  zq  which  is  inside  C,  U(z) 
is,  indeed,  represented  by  a  series  of  the  form  (2.2),  its  coefficients 


defined  by 


c*  =  (2tr±r 


j  »<*) 


(t(s)  -  t(z0))  dt(z). 
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provided  tliat  for  a*  £  K  the  remainder 
“1  n+1  P 

(21 H)  (t(z’)  -  t(z  ))  _ Hi iLM*)  _ 

J  (t(a)  -  t(zo))M  (t(a)  -  t(s»)) 

C 

tends  uniformly  to  zero.  This  can  be  proved  in  much  the  same  way  as  in 
the  classical  case,  and  further  details  mill  be  fftif+t+dc 

Attention  is  directed  to  Leona  1,5  by  which  the  series  exapnsion  (2.2) 
far  an  arbitrary  regular  solution  of  the  system  of  equations  (2,1)  can 
be  mitten  as 

"(«>  .  £  •„&„<«)  .  ^  CK.)  -  r(*0))k  f'k)  («), 

1  Pail  3c=0 

the  fp(z)  being  functions  analytic  at  zq.  Conversely,  such  an  expression 
defines  a  solution  U(z)  of  (2,1), 


Non-Parabolic  Systems 


-71 


solution  of 


An  extension  of 


a  theorem  of  Carlemaa.  In  a  wall  known  paper,  T.  Carleman  £1  ]  lias  con¬ 
sidered  systems  of  linear  equations  of  mixed  elliptic  and  hyperbolic  type 
of  the  form 

(I)x  +  (Ap  +  iAp)Dy)(up  +  iuP  *  E  (cpq1ttq  +  eW2u?  +  W* 


(D  +  A  D  )u 
v  x  s  y'  s 


]T  (Vi”i  *  'W“S)  ■* 


c  u 
sq  q. 


(p  *  1  p  ^ •  •  g  8  ®  nrtl  f  *  f  n) p 


the  coefficients 

<3"V  Vx>y)  =  Ap  +UP  (Ap>  Ap 

Ag(x,y)  (Ag  real;  s 

being  of  class  C%  and  the  remaining  coefficients 


(A^,  L”  real;  A»  j4  Cj  p  * 

(A  real;  s  =  m+1,...,n) 
s 


(3*1  )  c  _  *  c*  +  ic" 
c  pqr  pqr  pqr 


(cpv,  real)* 

(cM 


continuous,  inside  a  semicircle 
Ds  x2  +  y2  d2,  x>0. 

Th®  c _ ,  A  ,  and  the  first  and  second  derivatives  of  the  A_  are  assumed  to 

pqs»  p»  p 

be  uniformly  bounded  in  D  *.  Garlaman  shoved  that,  if  a  continuously  dif- 


*  Carelman  does  not  state  this  eaplicity*  but  the  assumption  is  certainly 
used  in  the  proof  that  v<0  (p»S)  and  in  the  definition  of  L,  p,  6#  This 
assumption  may  also  be  implicit  in  Carlenan's  assertion  (equations  (12),  p.  li.) 
as  to  the  existence  in  D  of  continuously  differentiable  solutions  u(x,y), 
v(x,y)  of  the  system 

(D_  +  A  D  )(u  +  lv)  *  0 
of  the  fora  x  p  y 

u  »  A"(x»,  yO(x-x')  +  A(x-x> )2  +  2B(xwc»)(y-y')  +  C(y-y*)2  +£((*-*')2  +  (y-y1)2) 

* 

V  «  y-y?  -  Ai(x*,y* )(*-*')  +  A1(x-x>)2  +  2Rj  (*-«:»  )(y-yi)  4  C.,(y-*»)2  +  £1((x«a:»)2  +  (y-yf^) 
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ferentiable  solution  of  this  system  vanishes  on  the  y-axis: 

V^(0#y)  a  0  for  |y|<  d  (u^  *  u£-mJlfor  p*  mj  p  * 

there  exists  a  radius  d_  such  that 

o 

(pel,..,,n) 

2  2  2 

in  the  semi-circle  x  +  y  <  d*,  x  >  0. 

The  importance  of  this  theorem  lies,  of  course,  in  hear  very  little  is 
required  of  the  coefficients  in  the  equations.  *  The  results  previously 


known  had  demanded  analyticltgr  of  these  coefficients.  Previous  results,  on 

the  other  hand,  had  applied  to  systems  of  any  type,  while  Carleman1  s  theorem 

excludes  all  systems  of  partly  parabolic,  and  some  systems  of  partly  ellintic, 

type,  we  shall  shear  hew,  by  uarleman's  cam  methods,  and  with  the  aid  of  the 
results  of  section  1,  his  theorem  can  be  extended  to  all  systems  of 
hyperbolic  and  elliptic  type.  1  mixed 

We  begin  with  the  totally  elliptic  system  of  linear  aquations 

m 


(3.2)  (^♦Vy  +  Vp-lVV1'50 


F  ('pq1  “pq  *  W  "W 

qrd 


Qp(U) 


(P 


,m) 

where  (xf,  y')£D,  and  A,B,C,Aj  ,Rj  ,C,j  are  functions  of  x’,y’,  and  £,  func¬ 
tions  of  x,y,x‘,y*  which  tend  to  zero  with  (x-x’)^  *  (y-yO^- uniformly  in  a 
certain  neighborhood  of  xg«x'agrr=0.  Carlenaa  does  not  say  what  kind  of 
construction  he  had  in  mind  to  produce  functions  of  the  type  0*0.  In  Chapter 
III,  section  2  will  be  presented  a  method  of  construction  under  the  condition 
that  th.  *p  are  defined  and  of  claaa  0-  in  tti.  «tire  dreln  K.  *2  vy2«  d2. 

To  assure  this  condition,  it  is,  however,  enough,  to  require  that  the  and 

their  first,  second,  and  third  derivatives  be  defined  and  uniformly  continuous 
in  the  semi-circle  0,  as  the  domain  of  1^,  as  a  function  of  class  C»*»,  could 

then  be  extended,  first  to  the  y-axls,  next  to  all  of  X. 


* 


See  the  comments  of  Petrovs kli  [l]  ,  pp.  l*-$. 
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made  of  subsystems  whose  principal  parts  are  in  canonical  fora*  2rp 
represents  the  number  of  real  dependent  variables  (and  of  equations  far 
real  quan  bitl  es)  in  the  principal  part  of  the  p-th  subsystem,  and 

*•»  ®pi*  *•*#  ^ 

the  standard  basis  of  the  algebra  associated  with  it.  The  coefficients 
(3*1  A)  ani  (3.1  c)  are  defined,  ,  the  first  having  uniformly  continuous  first, 
second,  and  third  derivatives,  the  second  being  uniformly  continuous,  in 
D*  We  suppose  also  that  a  solution 

<3-V  3P  =  y-  V“'pq  + ‘"pq5  * 

q=d  qai 

is  known  vrhich  is  uniformly  bounded  and  of  class  C»  in  D  and  satisfied 

(3.3)  Up(0,y)  «  0  fcr|y\  <  d  (p  » 

and  shall  show  there  exists  a  radius  d.  such  that 

o 

flp(x,y)  *  0  (p»1,...,m) 

2  2  2 

in  the  semi-circle  x  +  y  ^  d^,  x  0* 

Following  Carleman,  we  introduce  new  variables  through 

0p  a  e^x  +  7  “  “  ^  Vp  (c,t  real,  positive) 
in  terms  of  which  equations  (3*2)  can  be  written 

<°x  +  Vr  +  Vp-1  V  TP  *  «1-2“+V«*p(rp-iy>7p  -  VV)' 

or,  alternatively 

(3 «W  (°x  +  Vp  *  ep,rp-1Dy)7p  4  t9-2cx*Upy^Bp,rp-17)7p 


0(7)  +  A  V 
p  p»y  p 


S  Hp(V). 
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Let  be  the  hyperbolic  arc  defined  by 


2  2 
x  +  y  -cx 


0  <  x^”55“ 


k<  1/2 yc*  , 


and  let  be  the  domain  bounded  by  and  the  y-axis.  Ow  D^,  we  shall, 
like  ^arleman,  apply  Green's  formula  to  the  expression  (3.U)  using  for  this 
purpose  a  suitable  singular  solution  of  the  equation 


It  la  not  difficult  to  produce  a  general  representation  far  the  solutions 
of  equations  (3.5)  from  which  the  specific  singular  solution  desired  for  use 
in  Green's  formula  can  be  obtained.  Set 

2  -  V-=2)  . 

P  P 

Equations  (3.5)  become 

(3.6)  <“**VV*Vp-'VZp 

We  may  suppose  *  that  in  D  the  auad.1  iary  equations 

(3.7)  (Dz  +ApDy)(u+iv)  me  0 
have  a  solution 

w(a)  =  w(x,y)  *  u(x,y)  +  iv(x,y) 

ihich.  possesses  continuous  and  uniformly  bounded  first,  second,  and  third 
derivatives  and  which  is  such  that  not  all  first  derivatives  ty  ty  wy  vy 
simultaneously  vanish  at  any  point  of  the  closure  of  D«  Then  Taylor's  Theorem 
with  remainder,  applied  in  a  neighborhood  of  an  arbitrary  point  *'  m  x*-tdy» 

«  See  the  first  footnote  of  this  section  and  the  end  of  section  2,  Chapter  HI, 

» 
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of  D,  share  that 

(3.8)  A  (z*) 

Sir  ig'*'T  M*)  -  *(z»))  *  X(z*z’)  *  il(zjz») 

is  a  solution  of  equations  (j?.7)  of  type  C^).  Now  we  change  independent 
variables  by 

X*X(zja»),  I  »!(*}*')» 

Since 

Dx  +  W  *  t!Dx  +  Vx)X]  “l  +  [<Dx  +  w0  “l 

a 

(Dj.  a  -g-y  >  etc.),  have  frost  (3*7)  and  (3*8)  that 

<?X+  W*-  t<Wy,I3(Bi  +  iVz» 

and,  hence,  that 

(3.9)  <w>y  *  Vp-iVS  *  lw]  <V‘¥vp-it*W)zi>. 

where 

a  =  y(DxfApDy)X,  b  *  Ty/(Dx^Dy)X.  * 

Let  a(X+LY)  3TS(zjz')  be  a  generating  solution  of  the  homogeneous  equation 
obtained  by  setting  the  right  side  of  (3.9)  equal  to  zero.  (The  designation 
t(x+iy)  was  used  in  section  1 ).  As  we  have  shown  in  section  1  the  west 
general  solution  of  this  equation  (i.e.,  of  equation  (3*6))  is  an  analytic 
function  *# 

F(s(X+iX))  *F(S(i,s«)) 

of  the  generating  solution}  in  consequence,  the  most  general  solution  of 

*  *‘e  observe  that,  by  (3.8),  (3.7),  (Ds+ApDy)l  *  o  implies  ^  «  Xy.  ■  «■  Ty  *  0, 

hence,  that  wx  ■  wy  ■  0,  an  equality  that  is  excluded  in  the  closure  of  D. 

*«•  more  exactly,  a  sun  of  such  functions  with  hypercoaplex  coefficients 
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(3.3)  is  a  function  of  the  fora 
(3.10)  »  -  .^VUx2)  p(s(„,.)). 

As  the  first  step  in  suitably  choosing  we  recall  that  1  and  T  are 
expressible  in  terms  of  x,y  by  equations  of  the  form  (A.)  of  a  preceding 
footnote.  By  a  result  of  Carleman  (pp.feg),  lt  ^  follar8  ^  thero 

exist  nuntoers  P.,  e,  independent  of  p,  such  that 

x  +  y2  -  cx2  =  CQ  +  C^I  +  CgT  +  ac3ir  +  ^(X2-!2)  +  (X2+r2)R(X,I) 
for 

(3.H)  l*j<  f,,  x  >  0, 

shore  the  are  conplem.valued  constant,  and 

(.12)  R<0 

in  the  closure  of  the  domain  (3*11 )• 

The  second  step  inchfining  *  is  to  introduce  > 

F1(S(sJz»))  »F1(s(X+iT)) 

„  .-«=o  +  ♦  «**#,)<•<»*»*  (.(MI))-1. 

By  definition  of  s(X'tlT),  see  (1.8),  '* 

,t(»rV)  ,1(S(„„)).,«i!«!)»(W  .!«(.,..)  .»»{.,.•) 

1*1  ere  Q  is  a  real-valued  funotion  and  N  nilpotent  *  .  Nos  we  can  daflns 

r(s(*j*»))  *  (Birir1  sy(s»;«»)  ^(sfsj**)). 

It  follow,  in  vies  of  (3.1 2)  and  of  the  continuity  assumptions  made,  that 
there  exists  a  constant  X»  such  that 


*  R,Q,B,S  all  depend  on  p,  but  this  dependence  need  not  be  ejplicltly 
indicated* 
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|Wp(aJSS*)|  <  K«/  | X-hLT |  j 
hence,  there  exists  a  constant  S  such  that 
(3.13)  |yzj*’)|<  V  la-8*l  . 

It  is  convenient  here  also  to  observe  that,  since  equations  (3*6)  are 


satisfied  by  S(zjz’), 

dS(zjz»)  =  Sx(zjz»)dK  +  Sy(sjs')dy  *  Sy(zjs»)  ($r  “(Ap^p>r  _i  )<**)# 
and,  hence, 

(3.1*0  Wp(ajz')  (<%r  -  (Ap-*ep^p  „i)*c) 

*  (atnr1  eit(Q(^z,)  -  Q(a'  et(H(*,8t)  “  S(?4je,))S  (*•;*•)  dS(»ia») 

ateirr“5(ii^7 


Let  us  now  wirte  Green's  formula 


(3.15) 


4 


Hp(V)  Wp(ajt*  )  dxxfcr  * 


If  -fl 


WpVp(4r.  (A0  *„.,  _,)<*) 


P  ”P^-1 


y  ik  / 

for  the  domain  obtained  from  by  deleting  the  interior  4^,  of  a  snail 
circle  /  about  the  fixed  point  a'  £  y  *he  limit  of  the  area  Integral  as 
y  shrinks  to  z‘  exists  in  vies  of  (3.13).  ^be  limit  of  the  integral  over 
t  tends  to  Vp(z'),  as  nay  be  dhown  from  (3.110  by  the  procedures  used  in 
Theorem  1.1.  Hence, 


(3.16)  Vp(zt) 


t$ Vp'*  *  <*p  -  Jf  VT*p 


This  expression  oorreeponds  entirely  to  equation  (18)  in  Garleman'a  paper, 
and  from  now  on  the  argument  is  exactly  like  Carlman's  (pp.  6-9).  The 
extension  from  totally  elliptic  systems  to  systems  of  mixed  elliptic  and 
hyperbolic  type  also  can  be  carried  out  in  the  present  case  just  aeCerlemen 
had  propeed  for  his  epaewhat  more  special  qyatmu 
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chapter  m 

BOUNDARY  PROBLEMS 


1 .  Extremum  principle  and  uniqueness  theorems*  If  two  functions 
u(y  .y ) ,  v(x,y),  which  are  of  class  C  In  a  domain  R,  there  satisfy  the 
Caucby-Riemann  equations! 

\  -  Ty  "  0 

'V'T*“°* 

neither  function  can  be  greater  (less)  than  the  maximum  (minimum)  of 

the  function  on  the  boundary.  Proof  is  usually  based  upon  the  fact 

that  u  and  v  each  satisfies  a  certain  sec on-order  elliptic  equation, 

namely,  +  u^  =  0,  whose  solutions  previously  are  known  to  possess 

the  extremum  property  in  question. 

v(x,y) 

Functions  u(x,y),Aof  class  C'  in  a  domain  H  in  which 
(1.1)  (D  +  (b«  +  ib")D  )(u  +  iv)  «  0  (bn  /  0  in  K) 

*  Jf 

also  are  subject  to  this  externum  principle,  at  least  if  b»,  b"  are 
sufficiently  smooth  functions  of  (x,y)  in  R,  On  the  assumption,  for 
instance,  that  b  «  b1  +  ib"  is  HBlden-continuoua  in  each  closed  sub- 
domain  of  R,  by  a  suitable  change  of  variables  X  *  X(x,y),  Y  »  X(x,y) 
the  canonical  elliptic  system  (1.1)  can  be  reduced  to  the  Caucby-Rie- 
mann  equations 

(Dj  +  iDj)(u  +  iy)  *  0J 

thereby,  extremum  properties  of  solutions  of  a  system  of  first-order 
equations  again  are  derived  from  previously  known  extremum  properties 
of  solutions  of  second-order  equations. 

A  different  kind  of  argument  can  be  given  which  utilises  no  prior 
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knowledge  about  second- order  equations,  and,  also  not  involving  ary 
change  of  variables,  applies  to  systems  of  the  form  (1 .1 )  in  -which  b 
is  merely  continuous  in  2.  The  argument  will  be  developed  in  a  series 
of  lemmas* 

1EUMA  1„1  Let 

*  F^x,,...,^),...,  Ujj  *Fn(x,,...,  X^ 
map  a  bounded  domain  R  of  Euclidean  n-space  into  this  n-space.  it  is 
assumed  that  each  F^  is  of  class  C  in  the  closure  of  R  and,  in  addi¬ 
tion,  that  the  functional  determinant 


J(x)  « 

'd  (x^,.»,pi^) 

is  non-negaoiva  in  R.  Then  the  image  F(S)  of  the  set 
S  =  [x  £  R  ^  J(x)  =  o] 
is  nowhere  dense  in  the  image  F(R)  of  R. 

Proof*  It  suffices  to  show  that  F(S)  has  exterior  measure  zero* 
Indeed,  S  is  closed,  hence  F(S),  its  continuous  image,  also  i3  closed, 
whence  it  follows  that  if  F(S)  were  dense  in  some  sphere  K,  F(S)  would 
contain  K  and  not,  thus,  be  of  measure  zero* 

Choose  £  >  0,  Let  N  =  be  an  open  set  covering  F(S)  such  that, 
at  any  point  x  of  the  inverse  image  T  of  N,  |j(x)|  <  £  • 

The  measure  of  the  open  set  T  is  bounded  uniformly  with  respect 
to  £  ,  say 


where  0  is  the  measure  of  the  bounded  set  R.  The  measure  of  II,  the 


'&*****■■■ 
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image  of  T,  is  at  most 

J(x)  dx  ^ 

T 

where  cbc  represents  the  volume  element  in  the  n-dimensional  x— space 
considered.  It  follows  that  the  measure  of  Ng  can  be  made  arbi¬ 
trarily  small  by  sufficiently  reducing  £  ,  i.e.,  that  F(S)  has  outer 
measure  zsro<, 

LEMMA  1,2,  Under  the  hypotheses  of  Lanina  1.1,  let  U  be  an  open, 

full  sphere  contained  in  the  image  of  Hr  U  CF(S),  Assume  the  closure 

•  —  «* 

of  U  is  disjoint  from  the  image  of  the  boundary  R  of  Rt  U  (\  P(R)  *  0„. 
Then  in  U  the  degree  of  mapping  of  R  into  F(Ii)  is  positive. 

Proof  i  Let  X  be  any  component  in  R  of  bio  set  antecedent  to  U„ 

Since  U  contains  no  image  point  of  the  boundary  of  R,  F(X)CH  U, 

a  9 

F(X)CZ  U  #  s  i.e.,  F  naps  X  into  U,  the  boundary  of  X  into  the 
boundary  of  U.  The  degree  of  this  mapping  of  X  into  U,  called  a  local 
mapping  is,  therefore,  constant  in  U.  By  Lemma  1.1,  U  contains  a  full 
spliere  ttj  which  does  not  intersect  F(S)*  i.e.,  F(x)  £  Uj  Implies  J(x)  >>  0., 
Let  Xj ,  X?,„„.  be  the  components  in  X  of  the  open  set  which  is  ante¬ 
cedent  to  Ur  Thus,  Xt  d  X,  F(Xi)CIU1,  and  f(j±)  C  ^  As  we 
have  seen,  J(x)>0  in  each  X^j  it  follows  that  the  local  degree  of 
mapping  of  X^  into  is  positive  for  every  i,  and  the  same  is,  there¬ 
fore,  true  of  the  degree  of  mapping  in  ttj  of  X  into  U.  But  the  degree 


n 

£  J  dbc  <  £  B, 
T 


*  The  boundary  of  ary  point  set  V  is  represented  as  V, 
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of  mapping  of  X  into  U  is  constant  and,  thus,  also  must  be  positive. 

We  have  thus  shown  that  the  local  degree  of  mapping  in  U  of  leaf  conpo- 

Mi 

nent  of  its  inverse  image  is  necessarily  positive,  and  from  this  it 
follows  immediately  that  the  global  degree  of  mapping  in  U  of  R  into 
F(R)  also  is  positive. 

LEMMA  1.3.  Let  us  make  the  hypotheses  of  Lemma  1.1  and  assume, 
in  addition,  that  for  every  point  1  of  the  boundary  of  U, 

where  G  is  a  constant.  Then  any  open  set  contained  in  the  range  of 
F  must  lie  in  the  half-space 

^  4  C. 

Proof  i  A  point  (uj,...,u^)  for  which  >  C  is  in  the  outer  com¬ 
ponent  of  the  complement  of  the  lsags  of  Rj  hence,  the  degree  of  mo¬ 
ping  over  a  neighborhood  of  such  -  point  is  zero.  By  Lemma  1,2,  this 
neighborhood  was  not  covered  by  the  mapping. 

LEMMA  1  ,!*.  Let 

Uj.  =  F^(Xj  J.,.,  X^)  (i  at  1 ,...,  n), 

(or,  for  short,  u  =  F(x))  where  the  FA  are  of  class  C»  in  the  closure 
of  a  bounded  domain  R.  Suppose  that  the  functional  determinant 

«J(x)  = 

is  non-negative  in  R,  and,  moreover,  that  J(x)  can  vanish  in  R  only  if 

3ui 

each  partial  derivative  ^ ■  also  vanishes.  If,  finally,  each  point  x 
of  the  boundary  of  R  is  mapped  into  the  half-space  Uj  ^  o  (o  *  const)  t 

F,  (x)  <c  (5  C  R), 
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then  each  point  x  £  R  also  is  mapped  into  this  half-spaces 
E|(x)  ^  c  (x  £  B). 

Proofs  Let  T  be  any-  coaponent  of  the  inverse  image  of  that  part 
of  F(R)  in  which  Uj  >  c.  Because  the  mapping  is  continuous,  Uj  =  c 
on  the  image  of  the  boundary  of  T.  Also,  J(x)  =  0  in  T,  far  otherwise 
F(T)  would  contain  an  open  set,  a  contradiction  to  Lemma  1.3.  Hence, 
u  rs  F(x)  :Ls  constant  in  T  And  is,  thus,  a  point Ibr  which  Uj  =  c„ 

Bat  this  contradicts  the  definition  of  T,  unless  T  is  empty. 

THEOREM  1.1.  Let  R  be  a  bounded  domain  in  the  ay-plane  in  which 
the  functions  u(x,y),  v(x,y)  are  defined  and  of  class  C»  and  satisfy 
the  elliptic  system  of  partial  differential  equations 
(1.2)  (Dx  +  bDy){u  +  iv)  =  0, 

where  b(x,(^)  =  b»  (x,y)  +  ib"  (x,y)  is  continuous,  and  b"(x,y)(>0,  in  R5 
Suppose,  further,  thl  u(x,y)  is  continuous  in  the  closure  of  R,  and 
that,  at  all  points  (x,y)  of  the  boundary  of  R,  u(x,y)  ^  0.  Then 
u(x,y)  ^  0  at  all  points  (x,y)  £  R. 

Proof:  From  the  given  system  of  equations,  which  may  be  written 


\  +  b*Uy.  -  b"vy  =  0, 
vx  +  b’vy  +  b\  85  °» 


we  see 


J(x,y) 


«X  ’V 


v  v 

x  y 


l  \  +  b»^ 
IT*  +  b'w 


b"(u^  +vp. 


Lemma  1„h  thus  applies  to  any  coaponent  T  <£  the  open  set 

.  v 

[_(x,y)  £  R  1^  u(x,y)  >  c  3  (c  >  0),  a  set  on  whoed  boundary  ti's  c.  By 

this  lemma,  therefore,  u(x,y)  c  in  Tc,  a  contradiction  if  T^  i8  not 
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vacuous.  Since  c  can  be  arbitrarily  small,  the  conclusion  of  the 
theorem  follows, 

THEORDE!.!  1,2.  Suppose  that  all  the  hypotheses  of  Theorem  1 .1 
hold  and,  in  addition,  that  u  =  0  on  the  boundary  of  R.  Then  u(x,y) 
v(r,y)  are  both  identically  constant  in  R. 

/ 

Proof*  By  Theorem  1.1,  u(x,y)^0  in  R  and,  by  a  dual  argument, 
u(x,y)  ^  »')in  Rj  hence,  u  a  0  in  R.  The  differential  equations  then 


assert  v 


0,  vy  «  0  in  R. 


More  generally,  we  have  the 

COROLLA  KT  1 ,2.1 .  Let  R  be  a  mounded  domain  in  the  ry-plaue  in 
which  the  functions  u^(x,y),  vp(x,y)  (p  » 1,...,r)  are  defined  and  of 
class  C*  and  satisfy  the  cllipticsystem  of  differential  equations 
0.3)  (Bx  +  bDy  +  e^Dy)  (up  +  Ivp)  =*  0, 

where  b(x,y)  =  b»(x,y)  +  ibn(x,y)  is  continuous,  and  b:,(x,y)  _>  0,  in 
R.  Suppose,  further  that  Vp(x,Y)  (p  *  1,...,r)  is  continuous  in  the 
closure  of  R,  and  that  Up  *  0  on  the  boundary  of  R.  Then 
up(x,y),  vp(x,y)  are  all  identically  constant  in  R. 

Proof;  Equations  (1,3)  are  equivalent  to 

(Dx  +  bDyXuj,  +  ivp)  +  DyO^,  +  iv^  )  =  0  (p  =  l„..,r-1 ), 


(Dx  +  bD  Xu*  *  ivr) 


=  0. 


Thus,  t^.  the  boundary  conditions  and  Theorem  1.2,  Uy  +  ivp  =  const. 
If  iip+^=  const,,  then  (D^  +  bDy)(Up  +  ivp)  a  0,  and,  again 
by  applying  Theorem  1.2,  up  +  ivp  a  const. 


—fill— 


THEOREM  1 .3.  Lot  R  be  a  bounded  domain  in  the  *y-plane  in  which 

the  functions  u(x,y),  v(x,y)  are  defined  and  of  class  C*  and  satisfy 

the  elliptic  system  of  equations  (1.2),  where  b(x,y)  »  b*(*#y)  +  ibn(x,y) 

ia  continuous,  and  b"(x,y)>  0  in  Then  u(x,y)  cannot  be  greater  (less) 

at  an  interior  point  of  R  than  its  marten  mi  (minimum)  on  the  boundary» 

A  dual  statement  holds  far  v(x,y). 

Proof  t  Theorem  1.1  is  applied  to  aqy  coaponent  of  the  domain 

T  (x,y)  t  h|  u(x,y)  >  Max  u(x,y)  +  &7  (  £  >  0). 

(x,y)  £  R 

2,  A  boundary  problem  fortanonical  elliptic  system.  Let 

a(x)  =a*(x)  -f-  ian(x),  b(x)  »b’(x)  +  ib"(x)  be  coap^mas-viLued  .uni- 

1  2 

formly  H-continuous  functions  in  a  convex  domain  Rj  of  x  x  -apace, 
and  let 

H(ziDx)  s  a(s)D  ^  +  b(z)  D  2  +  e^  D  g. 


Let 

vi)=e  °o.(om  *  vx) = ii  + iaM)’ Hx)  mYi  ep(8p 

^  q-1  p«?l 

be  hyperc  amp  lex-valued  functions  K-obntinaoos  in  Rj«  Let  R  be  a  bounded 
domain  whose  closure  is  contained  in  Rj  and  whose  boundary  R  consists 
of  a  finite  number  of  simple  closed  curves  each  with  continuous  curvature. 
With  the  dependent  variables  represented  as  a  hypercomplex  function 

U(x)  «  52  ep(u*>  +  lV* 

p*4 


our  object  will  be  to  solve  in  R  the  system  of  2r  equations 


+  S) 
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(2„1)  Ux,Dx)U  Su(x,Dx)U  +  ^  rp(x)  +  Dp(x)  vp)  a  G(x) 

prescribing  u^x)  «=  fp(s)  (p  =1,„,,r)  cm  R,  thefp(z)  being  R-con- 
tinuous  functions  there. 

It  can  be  assumed  that 

(2.2)  a*(x)  bn(x)  -  an(x)  b*(x)  a  1. 

Hth 

(2.3)  X*  ax'(ajx)  *-b*(z)  x*  +  a*(z)  x2, 

X2  *  X2(zjx)  »  -b"(z)  x1  +  a"(z)  x2, 

\ 

veftien  have  the  important  identity 

(2. It)  M(zjDx)  =i[Dx1  +  iDjg  +  V,  (-ia*(z)  1^1  -  la"(z)  D^)] 
in  which  the  principal  part  of  (b.1 )  is  put  into  the  form  disucssed  in 
Chapter  II.  Proceeding  as  in  Chapter  II,  section  1 ,  we  now  introduce 
tie  hyper complex  function 

t(zjX)  =  X1  +  il2  +  ep  (iaKz))*^1  ia(z)  X1, 

ihich  is  a  generating  solution  of  the  equation 
M(z;Dx)  t(zjX)  a  0. 

We  introduce  also  the  elementary  solution  for  the  latter  equation 
V(X,I)  *  V(zjX,T)  a  (21MrtD^1t(*jl)  (1  -  e^a-Ca))-1  (tU.D-tUjX))-1, 

ifcoee  properties  are  as  described  in  Chapter  2,  Theorems  1.1  to  1.5. 

Lot 


H(zjx,y) 


-V(s;  X(b;x),  X(zjy)) 
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%  Theorem  1.1  of  Chapter  2,  in  view  of  (2.1*), 

(2.3')  HCzjD^.)  H(z$  x,y)  a  0. 

Moreover, 

H(zjx,y)  =  0(z)  (t  (zjX(zjx))  -  t(zsX(z$y))r* 

*0(z)  [-b(z)  (xV)  +  a(z)  (x2-y2) 

rut  . 

+  ^  ~  ep(ia>(z))I^i>“1la(z)  (-b'(z)  (x1  -y1 )  +  a*U)  (x2-y2 

p*4 

where  0(z)  satisfies  a  uniform  Hfilder  condition  in  R^0  From  this  can 

be  deduced  the  inpartant  estimates  - 

— 1 

H(z;x,y)  »  0(  lx-y|  ) 

fo  A  ^ 

H(*jx,y)  -  H(xjx,y)  »  0(  Jx-y|  ) 

_  -  h-2 

[D^(H(yjx,y)  -  H(x0,‘x,y))]  -  0(  |x0-yj  ) 

x=x0 

and,  by  (2*5), 

b-2 

(2,7)  L(xjDz)  H(zjx,y)  *  0(  \*-y \  ), 

■where  h  (0  <  h  <  1 )  is  not  greater  than  the  Holder  exponent  far 
a(z),  b(z)  in  R^. 

We  shall  approach  the  boundary  problem  in  a  fashion  suggested  by 
certain  methods  of  K  E.  Levi  ^l,2j  and  Q.  Qiraud  ^3  3  developed  to 
treat  elliptic  equations  of  the  second  order.  Of  central  imporatnce 


will  be 
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LEMIIA  2*1 .  If  ?(x)  is  a  hypsrcortplejc  function  which  is  bounded 
and  absolutely  integr&bla  on  B  and  satisfies  a  Holder  condition  at  an 
interior  point  xo  of  R,  then  the  integral 


vw“  s 
«1 


P(y)  H(yj*»y)  dy  (dy  =  dy1  dy2) 


has  H-continuous  first  derivatives  at  xQ,  and 


p  o' 

(2.8)  L(x,Dx)  V(x)  a  -P(x)  +  J  P(y)  L(x,Dx)  H(yjx,y)  dy 

*1 


at  x  a=  xQ, 


Proof  t  We  nay  write  * 
V(x)  =  J*  P(y)  H(x„ix, 


V2(x) 


r 

^y)  dy  +  ] 


P(y)  (H(yjx,y)  -  H(x  jx  y))  dy 


By  Theorem  1*U  of  Chapter  2, 

(2,9)  M(xo,  Dx)  V^x)  =-P(xQ). 

To  differentiate  V^(x),  vre  simply  form  difference  quotients  at  x  =  xQ 
and  pass  to  the  limit.  The  result,  in  vieirof  the  estimates  (2.6),  is 
(21°)  DjVgCxlj  =  J  P(y)  |j)  k(H(yjx,y)  -  H(x0jx,y))j  <%r(, 

Ux0  »x0 

Further, 

M(xq,Dx)  (H(yjx,y)  -  H (xQjx,y))  =  U(xq,Dx)  H(yjx,y) 

by  (2.£)„  Hence,  and  because  also  of  the  estimate  (2.7), 

M(xQ,Dx)  Vg(x)  I  *  J  P(y)  [ll(x0,Dx)  H(yjx,y)J 

*  x=sc  \J 

0  *i 


v,U) 


■if  aa  in  &  simile  jj  proof  given  by  Hopf  [ij  ,  Lemma  1, 


p.  205 


— 8&- 


from  which,  and  from  (2.9),  formula  (2.8)  is  completely  justified, 

That  the  first  derivatives  of  V(x)  are  H-eontinuous  at  xQ  follows 
from  the  S-coniinuity  at  that  point  of  the  derivatives  of  V_j(x)  and  of 
ii'gt;:).  Per  V^(x),  this  statemtat  has  been  proved  in  Theorem  1.1* 3 
Chapter  2$  for  Vg(x),  it  follows  from  theorem  3,  Qiraud  j*1 J  ,  p.  373, 
in  view  of  (2.6),  (2.10). 

As  additional  preparation  for  setting  up  the  stated  boundary 
problem  in  terms  of  a  system  of  integral  equations,  we  now  introduce 
the  foilowLng  functions  *  e 

K(x,y$0)  *  L(x,Dx)  H(yjx,y), 


K(x,yjm) 


*  K^X,ZJ 


0)  K(z,y;m-1 )  dz. 


LEMMA  2.2,  -Each  K(x,yjm)  is  continuous  in  x  and  in  y  (x,y£  Rj ), 

if  x  r-  y,  and  for  (m+1  )h  <.  2, 

(m+1 )  h-2 

K(x,yjm)=0(  jx-y|  ). 

If  in  is  sufficiently  large,  K(x,yja)  is  continuous  with  respect  to  all 


x,y  in  R^ . 

This  lemma  is  an  immediate  consequence  of  Theorem  3,  Giraud  [2j 

p.  ISO, 

LEMMA  2,3.  If  y  is  a  fixed  point  of  R^,  then  K(x,yja)  (m  =  0,  1,...) 
is  E-conti nuous  with  respect  to  x  at  each  point  xQ  of  Rj  distinct  from  y. 


*  in  partial  analogy  with  the  procedure  of  Qiraud  ^  pp,  22-23, 


I*(x) 
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-  I* 


Proof?  This  statement  is  true  for  m  *  0.  To  prove  it  in  general,  left 
E  Cl  R|  fee  a  disk  about  y  of  radius  less  than  (1/3)  (xQ-y  J  ,  and  write 

K(x,y$m)  =  tr-  xi  K(x,zjO)  K(z,yjo-1)  dz  e  I»(x)  +  I"(x). 

D  Rj-D 

We  may  restrict  x  by  requiring 

[x-xoJ  <  (1/3)  |x0-y|  . 

Then  for  z  in  D,  under  this  restriction,  K(x,zjO)  satisfies  a  Holder 
condition  at  xq,  say  |k(x,zjO)  -  K(xq,zjO)(  <„  |  x  -  xq  |  ,  and, 

therefore,  so  does  I*(x):  - 

(x0)l  4  J  \k(x,*}0)  -  K(xq,zjO)|  |K(z,yjm-1)j  dz<  I^jx-x^  J|K(z,y;m-1  )|  dz 
D  D 

For  z  in  Rj  -  D,  K(z,yjm-1 )  is  continuous  by  Lwima  2.2j  hence,  Lenma 
2.1  applies  to  I"(x). 

Finally,  we  define 
H(x,yjO)  a  H(yjx,y) 

H(x,yjm)  =  H(yjx,y)  +  J  H(zjx,z)  K(z,yj  q-1)  dz  m  H(ysx,y)  ♦  J(x,yjm)„ 

q=1  R,  . 

Lemmas  2.3  and  2.1  show  that 

(2.11)  L(x,Dx)  H(x,yjm)  =  K(x,y;m). 

We  also  note 

h-1 

(2.12)  J(xyjm)  » 0(  |x-yj  ). 


Lst  11s  assume,  in  accordance  with  i^emaa  2.2,  that,  m  is  so  large  that 
the  right  side  of  (2.11)  is  continuous  in  (z,y)  in  tfe  set 

/'s  /»  1 


(2.13)  U(x)  =  -  §  H(yjx,y)  F(y)  dy  +  Jj  H(x.y;m)  Q(y)  (-b(y)  cy1  -KiCyJdy2-^ 


j.  dy  > 


a 


i 


and  attempt  to  determine  hypercomplex  functions 
r 

P(x)  =  ep(Pp  (x)  4  iPp  ix))» 

p=1 

Q(a)  =  £_  eP  qp  (z) 

P=i 

e 

(P*,  P",  Q  .real),  defined  and  H-continuous  for  x£R.,  z  £  R,  respectively, 

4*  J* 

such  that  U(x)  is  a  solution  of  the  stated  problem.  One  set  of  2r  integral . 
equations  involving  the  3r  unknown  read  functions,  obtained  by  applying 
lemma  2,1 ,  is  p 

(2.1  It)  C-(x)  =  P(x)  -  ^  ?(y)  K(x,yjO)  dy  +  J  K(x,yjm)  a(y)  (-b(y)  cty1  +  a(y) 

E, 


a 


-a 


W 


V) 


These  equations  are  equivalent  to  the  differential  equations  (2.1)  assum¬ 
ing  that  the  representation  of  the  solution  (2,13)  is  justified.  They 
must  be  supplemented  by  r  additional  equations  which  axpressthe  boundary 
conditions 

r  v 


XL  Vt>w=L  Vp(i)  s  iM 

p=1  P=1 


(z  e  a). 


equations  which  will  follow  from  the  behavior  at  the  boundary  of  the 
second  integral  b(x)  on  the  right  side  of  (2.13).  First,  let  us  write 
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B(x) 


I 


H(yjx,y)  y(y)  (-b(y)  dsr1  +  a(y)  dsr2  -  •p,<|  V ) 
h  ^  J(x*y,ra)  (~t>(y)  dy1  +  a(y)  dtjr2  -  V)  *  B^(x)  +  B2^"- 


R 

o 

snd  observe  that  B^(x)  is  continuous!  at  R  because  of  (2.12).  Secondly, 
if  xQ  £  R, 

B1  (x)  =  §  H(xqj x,y)  Q(y)  (-b(xQ)  dy1  +  a(*6)  dy 2  -  dy1 ) 

0 

R 


+  ^  H(xQjx,y)  Q(y)  ((b(x0)  -  bfyJJdy1  +  (a(y)  -  a(xo))  dy2 

R 

+  tS  (H(y>x*y)  -  H(x0;x,y})  Q(y)  (-b(y)  dy1  +  *(y)  4y2  -  ^  ) 

R 


=  B1 1  (x)  +  Blj  2(x)  +  B13(x). 

B^2(x)  is  continuous  at  xQ  in  view  of  the  B-continuity  of  a(y),  b(y)  at 
points  of  H. 

B^(x),  similarly,  iscontinuous  at  xQ,  because  of  the  second  estimate 

(2.6), 

The  third  3tep  is  to  change  variables  by 

x  =  X(x0f*)t  r  =  z(\tyh 

we  then  have  p 

B^Cx)  =  F(I)  =-  J  Q(X)  V(X,D  (dr1  +  idr2  +  ielw1(-ia»(x0)  dl2+ia''(x0)  dr1 )), 
R 


where  Q(y)  =  Q(Y),  arid  R  is  the  image  of  H,  Since,  try  Theorem  1.5, 
Chapter  II, 

lim  P(X)  =  F(Xo)  +  (1/2)  Q(X0), 

XX*  X 
0 

where  X  =  X(x  ;x  ) ,  it  follows  that 
o  0  0 

lim  B(x)  e  B(xQ)  +  (1/2)  Q(xq). 

X-*  X. 


Thus,  the  desired  supplmentary  set  of  integral  equations  is 

(2.15)  f(z)  «=  (1/2)  Q(z)  -  ^  P(y)  H(yjz,y)  dr  +  J^H(z,yjm)  Q(y)  (-b(y)  dy1 


+  a(y)  dy2  -6^  dy1  )„ 


We  have  shown  that  if  a  solution  of  our  boundary  problem  exists 
and  ackits  a  representation  of  the  form  (2C13),  where  P(x),  Q(z)  are 
B-continuous  in  their  respective  domains,  the  latter  functions  must 
satisfy  the  system  of  integral  equations  (2.11;),  (2.15).  If, conversely, 
these  integral  equations  have  a  solutionF(x),  Q(z)  (x£Rf,  z  £  R), 
then  the  latter  functions  are  H-continuous  *  ,  and  formula  (2.13)  de¬ 
fines  a  continuously  differentiable  function  which  solves  the  stated 
problem. 

It  remains  to  ascertain  when  the  system  of  integral  equations 
(2. IMS)  has  a  unique  solution.  Clearcut  general  conditions  are 


*  This  can  be  seen  most  easily  after  iteration.  Also  see  Giraud  Jj}J 
pp.  27-28. 
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epparently  difficult  to  obtain  • ,  And  again  following  Giraud  I 

restrict  attention  to  sufficiently  small  regions  homothetic  to  a  fixed. 

region  RQ  whose  boundary  consists  of  a  simple  closed  curve  C.  having 

continuous  curvature.  We  suppose  the  closure  of  Rq  to  be  contained  in 

a  bounded  convex  domain  Rj  in  which,  as  required  at  the  beginning  of 

this  section,  the  coefficients  a(x),  b(x),  Cp(x),  D^(x),  and  the  right. 

hand  side  of  equation  (2.1)  G(x)  are  H-cotinuous.  The  prescribed 

boundary  values  f(z)  are  required  to  be  IUcontinuoua  on  G.  Assuming 

Rq  to  contain  the  origin  let  us  change  variables  by 

x1  =  kt1  (k  >  0), 

t1  it  to  range  over  Rq.  Equations  (2.1)  then  become 

(2Jl)  (a(kt)D  1 4b(kt)D  2  +  2)U-*  £  (Cp(kt)Up-«I>p(!ct)Up)  *  kG(kt) j 

t  t  1  p=1 


and  (2,15^), 

Reducing  k  is  the  same  as  nomothetically  shrinking  Rq.  If  k  tends  to  zero, 
equations  (2.1^)  tend  a  system  of  entirely  homogeneous  equations  (2.1  q) 
with  constant  coefficients.  In  case  the  ^recholm  resolvent  for  the  in¬ 
tegral  equations  (2.1UQ),  (2.15Q)  which  correspond  to  (2,1q)  is  regular 
(and  leads  in  the  limiting  case,  therefore,  to  a  unique  solutionfor  the  boundary- 
problem),  by  continuity  the  resolvent  for  the  integral  equations 


the  corresponding  integral  equations  will  be  designated  (2.11^) 


**  Attention  is  called,  however,  to  the  ingeious  reasoning  used  by 
R,  S.  Levi  [2]  pp.  6-16,  footnote  p.  1?,  in  his  discussion  of  the 
QLrichlet  problem,.  Such  reasoning  appears  not  to  apply  when  a  contour 
integral  is  involved, 

II]  ,  PP.  383-381*. 


*#* 


i  -  m»  irriTi-'Ttrr^  *m>m*  mmtmmrnaM 
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(8.^-IEJjJ  *  "Iso  will  be  regular,  if  k>  0  is  sufficiently  snail. 
Thus  our  problem  is  reduced  to  showing  that  a  solution  of  equations 
(2.1lu)  (2,,15'q)  is  unique. 

i’he  coefficients  in  equations  (2.1^)  being  constant,  we  may  a33ume 

these  equal: -ora  to  be  of  the  form 

(D  i  if)  ~  -)•  a.,  y,  {aD  ,,  +  bD  _))U  =  0. 
x1  XT  x  x 


The  integral  relations  (2,.4-Uq),  ( 2. 1 5Q)  then  reduce,  respectively,  to 

P(x)  ~  0 

and  to  p 

(2«'6)  f(^)  =:  (1/2)  Q(s)  -  j  Q(y)  V(z,y)(<^y1  +  ie  ,.(a;$y2  -  bc$y^)) 


=  (1/2)  4(a)  -  (atTi)"*1  ^  <2(y)  dlog(t(y)-t(z)) 

=(l/|4(s)  -  (2irir1  J'  Q(y)  dlog(y-z)  +  d  ^  fj  5^/j. 


.  u 


to=1 


see  Section  1,  Chapter  2,  What  we  have  to  show  is  that  equation  (2.16) 
has  only  the  zero  solution  for  f(z)  =0.  Equating  coefficients  of  er. 


vre  have 

(2.17)  <Jr(z)  =  IT* 


*  after  sufficient  iteration 
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TJharsce  #  (^.(z)  *  0,  Assuming  *  0  (p  ^  r),  we  may  next 

verify  that  satisfies  an  integral  relation  of  the  fort*  (2.1?)  and, 
hence,  also  vanishes,,  It  follows  that  Q(z)  a  0  as  was  to  be  proved. 

We  remark  that  k  is  independent  of  the  prescribed  boundary  values 
f(a),  k  also  is  independent  of  G(x),  the  right  hand  aide  of  (2.1),  a. 
fact  which  follows  from 

LEMMA  2.b.  Under  the  hypotheses  stated  at  the  beginning  of  this 
section,  in  ary  sufficiently  snail  subdomain  Rq  of  Rj,  there  exists  a 
particular  solution  of  class  C*  of  equations  (2.1), 

Proof t  Set 

u(x)  a 

The  integral  relations 

Q(x)  =  -P(x)  ♦ 

then  serve  to  detemine  P(x)  assuming  Rq  to  be  sufficiently  small. 

Let  k  be  so  anall  that,  in  accordance  with  the  preceding,  the 
integral  equations  (2,11^),  (2.1^)  have  a  unique  solution  P(kjx),  Q(kjz). 
Estimates  of  these  functions  and  of  their  Holder  coefficients  can  then 
be  made  #*  from  Wiich  by  (2.13)  we  nay  obtain  bounds  for  the  solution 
U(kjx)  of  the  boundary  problem  for  (2.1^)  and  for  its  derivatives,  let 
G°  be  an  upper  bound  on  Rj  for  G(x),  G*  the  Holder  coefficient  for  G(r) 
on  Rj  j  let  us  assume  f(s)  »  0.  Then  there  exist  constants  kj,  k2,  ky 
such  that 

#  Sag  Courant-Hilbert,  ^ol.  2,  pp.  269-270. 

*+  The  first  of  these  estimates  is  furnished  by  Fredholm  theory,  the 
second  by  means  such  as  are  employed  fay  “iraud  J3J  pp.  37-28, 


L(x,Dx)H(yjx,y)  P(y)  dy 


y  P(y)  »(yjx,y)  dy. 


(2.18)  |tJ(k}x)|<.  kjQ° 

[  D  s  U(kjx)|<  KgQ0  +  kjGt, 

where  kj,  Itj  tend  to  aero  with  k. 

This  la  an  opportune  place  to  Insert  proof  of  a  statement  re¬ 
quired  in  section  3»  Chapter  2,  to  the  effect  that,  if  A(x,y)  ia  a 
ratqilex-valued  non-real  function  of  class  C«»  in  a  neighborhood  of 
the  origin  in  the  ay-plane,  then  there  ia  a  disk  K  about  the  origin 
in  which  the  equations 

(2J.9)  (»_  +  AD l)  w  *  0 

*  y 

have  a  continuously  differentiable  solution  w(ag f)  whose  first  de¬ 
rivatives  do  not  all  vanish  at  the  origin.  *  More  specifically, 
we  shall  show  there  exist  polynomials  with  complex  coefficients 

Hx,:r)  «  Pjx  +  *  Ptix?  +  Pi2*y  ♦  Pi/2  +  p^*3  ♦  P22x2y  +  p^2  +  p^y3, 

Q(x>:r)  =  q,|X2  +  ^^y  4  +  q^x3  4  4  q^xy2  ♦ 

Pi  being  arbitrary,  and  there  exists  a  continuously  differentiable 
function  V(x,y),  such  that 
U  a  P  4  QV 

is  a  solution  of  (2.19). 

To  do  so,  we  first  write  the  expansion 
A(x,y)  =  aQ  4  a,x  4  agy  4  a^x2  4  Oj^xy  *  ^yf2  + 

«  Tfe  observe  also  that  w(x,y),  like  any  other  solution  of  (2.19) 
which  is  continuously  differentiable  in  K,  is  of  classC"'  in  the 
interior  of  K*  This  fact  ban  be  proved  from  Green's  formula. 
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wbare  a_  in  non-real,  and 
0  3/2 

H(x,y)  =  0((x2  +  y2)  ),  Rx(x,y)  =  0(x2  +  y2),  Ry(x,y)  a  $(x2  +  y2), 

Given  Pp  pg  to  satisfy  pj  +  e^Pg  »  0,  we  evidently  can  determine  the 

p.,  such  that  <XL  +  '/rR)D_)P(x,y)  is  a  sum  of  third  order  terms,  i.e.4 
,i»-  *■  y  3/2\ 

(Dx  +  ADy)P  =  R1  (x,y)  «  0(  (x2  +  y2) 

Similarly,  given  q^,  q^2,  q^  satisfying 


c*11  +  V*12  =  ° 


*  *12+ V13 


0. 


the  q^  can  then  be  so  fixed  as  to  assure 


3/2 


(D^  +  ADy)Q  a  R2(x,y)  a  0(  (x*  +  y‘)  ). 

Our  actual  choice  of  the  q^  will  be  such  that 

(2.2°)  [fyl*2  +  %2*!r  +  <*lyT2\  c(x2  +  y2)  (c  >  0),  * 

a  condition  which  guarantees  the  Lipschitz-continuity  in  K  of  the 

functions 


bj  (x,y)  *  R,  (x,y)/Q(x,y),  bg(x,y)  *  *2(x,y)Mx&) , 
assuming  K  to  be  sufficiently  small, 

To  prove  our  statement,  it  is  now  obviously  enough  to  produce  a 
continuously  differentiable  solution  of  the  linear  equation 


*  This  is  easily  done.  Gauming,  without  loss  of  generality,  that 
aQ  =  i,  we  may,  far  instance,  take  q^  s  1,  q^  m  i,  q^  =  -1 .  The 
quadratic  form  in  question  then  becomes 

x2  -  y2  2iay  *  (x  +  iy)2. 


■  <4 
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(Dx  +  ADy)  V  +  b2V  +  ^  =0. 

This  can  < b  e  done  for  sufficiently  small  K  by  means  of  a  suitable  inte¬ 
gral  representation  as  employed  above. 

3*  £  problem  for  systems  of  differential  equations  of  mixed  el¬ 
liptic  and  hyperbolic  type.  For  each  j  =  let 

(3*1)  styj3) 

be  an  elliptic  egression  in 

ui  *  rj~  ^  (u3k  +  iPk) 

k=1 

of  the  same  type  as  the  left  side  of  (2.1 ).  Its  coefficients  will  be 

1  ? 

assumed  to  be  uniformly  K-continuous  in  a  domain  Rj  of  the  x  x  "-plane* 

Let  C  be  a  simple  closed  curve  having  continuous  curvature  which  with 
its  interior  R  is  contained  in  Rj  and  is  such  that 
(1 )  each  system  of  equations 
(3.2)  E  («3)  =  Q3(x)  (j=1,...,s), 

the  G3 (x)  being  uniformly  H-cotinuous  in  Rj ,  has  one  and  only  one  so¬ 
lution  in.R  3uch  that  (k  = 1,...,  r.)  assumes  arbitrarily  prescribed 

w 

H-continuous  valueson  C. 

Let  K3(x,w*,.^.,i^),  defined  for  x  £.  Rj  and  for  all  w*>..«,,Tri, 
satisfy  the  inequality  M 

1^(x1,w],...^)-K3(x2,w^...,^)|  <  K°Uax  |wj|  +  K*  Y  | 

p>q  p3 


(0  <  <<4  1) 
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We  shall  3uppose  R  to  be  such  that 

J 

(2)  the  solution  of  (3.2)  for  >hich  the  prescribed  boundary 
values  vanish  satisfies 

(3*3)  |  U^(x;)|  <  ^  G° 

|D^(x)|<  k^+kjQt, 

(3°  being  an  upper  bound  on  ^  for|G(x)|,  G’  the  Holder  coefficient 
for  G(x)  an  R. ,  where 

!cj)1c3<C  Uax  (1,  (0<C<1), 

^  t  . 

(3.U)  Hj(w)  =  p^k(D  .  +  A*D  2  +IB3)  w*  Cj 

x*  X 
lc=1 

be  a  hyperbolic  system  of  t  linear  expressions  in  w  *  (w^.*.,wr*1)*  tfe 
shall  suppose  the  coefficients  of  (3.U)  to  be  of  class  C  in  Rj.  >»e 
suppose  also  that 

(3)  the  hyperbolic  system  of  equations 

(3.5)  hV)  =  ^(x), 

being  of  classC*  in  Rj ,  has  one  and  only  one  continuously  differen¬ 
tiable  solution  in  R^  which  coincides  on  a  fixed  initial  curve  I  with 
arbitrarily  prescribed  continuously  differentially  initial  functions. 

Let  lP(x,w* ,...,wM),  defined  and  of  class  C*  for  x  £.  R|  and  for 
all  w^,  satisfy  the  inequality 

|LJ(x,w  ,...,w“)  -  Lj(x2,W2,...»«2)|<  L°  “«|»p|  |  ^  Yi  \  Hf 

p=1 


-*ioo>- 


where 


We  Shall  3uppo3e,  finally,  that 

(U)  the  solution  of  (3.5)  far  itiich  the  prescribed  initial 
values  vanish  satisfies 

(3.6)  |  (^(x)|  <  c1  Max  |f*(x)| 

x£  Rj 

< 's  “«  (l^l  •  |  . 

j,  Cg<  Max  ^  c/UL‘^  (0  <  c  <  1) 

We  shall  shew,  under  the  foregoing  hypotheses,  that  the  equations 

(3.7)  EV)  =  K^(x,w\...,irU) 

H^(w)  »  (x,ir  , ,  .  ,  ,w^), 

where  the  symbols  w^+\...,w^  stand  far  the  have  one  and  only 

one  solution  such  that  the  u^  (k  =  1,...,r.)  assume  arbitrarily  pra- 

v 

scribed  H-continuous  values  on  C  and  w' , . . .  ,w^  arbitrarily  prescribed 
continuously  differentiable  initial  values  on  the  initial  curve  I, 

Let  us  write  the  system  in  more  abbreviated  form  as 
E(w)  =  K(x,jr) 

H(w)  ta  I(x,w). 

Let  wj,  w2,  ...  be  a  sequence  of  functions  (having  M  components  as 
above)  which  are  continuous  and  have  uniformly  bounded  first  deriva¬ 
tives  in  Rj-C  and  which  satisfy  the  stated  initial  and  boundary- 
conditions  and  the  equations 


+ 


L*%  , 


4' 


t 
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E(wn+i)  =  £(x,wn(x)) 

H(wn+1)  =  L(x,wn(x))  (n  *  1,2,...) 

in  iyc, 


.  With  the  notation 


!  w^x)  J  ,  N2(tt)  =  Uax 

x£  11,-6  \ 


t  N(vr)  s*  Uax(N^ (w),  (nr)}. 


H.  (w)  =  liar 

p=1j.«.*t 

x  £,  H^-C 

we  have  from  (3.3)*  by  considering  t  he  equation 

E(’„^  -V  “lVr-sl'.»  =  ‘!’.,,W>  - 

M 

the  estimate  X.  K+1  "  ^  I  <  ^n  “  Vi5* 

pal 

Similarly,  ^  (wn>1  -  wn)  <  cN(wn  -  w^  )j  hence 
(3.8)  H(wn+1  -  wQ)  <  cN(irn  -  Vl)  <; 

where  WQ  is  a  constant.  Using  the  second  estimate  of  (3.3)*  se  have, 
further, 

¥y  W»»  <  ¥'  f  I’Ll  -  ’SI +  ^  [** 

.  —4  1 


P»1 


•^c 


Dx8  ^1  -  ^  >  (<  V(VVl 5  +  ^^‘Vl }  )• 

Further  computation  using  the  second  estimate  of  (3*6)  then  shows,  in  fact,  that 

(3.9)  N(D^(w^+1  -  wn))<  J^N(wQ  -  w^)  *  cHCD^^)). 

An  immediate  consequence  of  the  inequalities  (3.8),  (3*9)  i®  the  uniform 
convergence  in  R^-G  of  the  sequence  (wn)  and  of  the  sequenoes  of  its 
partial  derivatives.  This  completes  the  proof. 
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